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The notation adopted herein is consistent with the literature and accepted nomenclature
in this field of research. The following tables gives the symbols which are used repeatedly
for the quantities stated. A few additional symbols are introduced in particular sections.
Table 1: Upper-case Roman
Symbol Description Dimensions
A Constant coefficient in the entrainment law [−]
A∗ Effective opening area [L2]
A Dimensionless opening area [−]
Aos Dimensionless critical opening area for buoyancy overshoots [−]
APE Available potential energy [ML2/T 2]
B Penetration depth constant for impingement dome [−]
B1 Source buoyancy flux of weaker plume [L
4/T 3]
B2 Source buoyancy flux of stronger plume [L
4/T 3]
Bf0 Source buoyancy flux of fountain in a box with a plume [L
4/T 3]
BP Source buoyancy flux of plume in a box with a fountain [L
4/T 3]
C Constant in interfacial entrainment models [−]
CP Plume entrainment constant [−]
D Depth of upper layer of a two-layer system [L]
D1 Dimensionless depth of middle layer of three-layer system [−]
D2 Dimensionless depth of top layer of three-layer system [−]
Ei Dimensionless entrainment flux across an interface [−]
Ei,c Non-dimensional rate of entrainment of secondary flow [−]
Ei,lat Dimensionless lateral entrainment flux [−]
Ei,top Dimensionless fountain-top entrainment flux [−]
Ed Energy flux leaving impingement dome [ML
2/T 3]
E˜d Dimensionless energy flux leaving impingement dome [−]
Ee Energy flux entrained into impingement dome [ML
2/T 3]
E˜e Dimensionless energy flux entrained into dome [−]
Ei Energy flux supplied by impinging jet [ML
2/T 3]
Nomenclature 16
Table 1: Upper-case Roman
Symbol Description Dimensions
E˜i Dimensionless energy flux supplied by impinging jet [−]
F Energy loss coefficient for impingement dome [−]
Fr0 Source Froude number of fountain in a box [−]
Frc Froude number of counterflow of penetrating fountain [−]
Frf Froude number of fountain in a box [−]
Fri Interfacial Froude number [−]
Fru Froude number of upflow of penetrating fountain [−]
H Box height [L]
I1, I2, I3 Interaction terms in fountain equations [−]
J Dimensionless source strength of jet in a box [−]
K Constant in confined interfacial entrainment model [−]
KE2 Kinetic energy of flow in upper layer of two-layer system [ML
2/T 2]
KEi Kinetic energy supplied at interface by impinging jet [ML
2/T 2]
L Dimensionless source radius of fountain in a box [−]
M2 Momentum flux of the stronger plume [L
4/T 2]
Mf0 Source momentum flux of fountain in a box [L
4/T 2]
Mjet Source momentum flux of jet in a box [L
4/T 2]
PEdis Potential energy of two-layer system in displaced state [ML
2/T 2]
PEeq Potential energy of two-layer system in equilibrium state [ML
2/T 2]
Q11 Volume flux in weaker plume at lower interface [L
3/T ]
Q12 Volume flux in weaker plume at upper interface [L
3/T ]
Q22 Volume flux in stronger plume at upper interface [L
3/T ]
Qd Volume flux leaving impingement dome [L
3/T ]
Qe Volume flux entrained across an interface [L
3/T ]
Qf0 Source volume flux of fountain in a box [L
3/T ]
Qi Volume flux in impinging jet/fountain at interface [L
3/T ]
Qjet Volume flux in jet [L
3/T ]
Qlat Volume flux entrained laterally into counterflow [L
3/T ]
QPi Volume flux in plume at the interface of two-layer fluid [L
3/T ]
Qt Volume flux through openings of a box [L
3/T ]
Qtop Volume flux entrained into fountain-top [L
3/T ]
S Cross-sectional area of a box [L2]
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Table 1: Upper-case Roman
Symbol Description Dimensions
S Stratification parameter [−]
TF Filling-box time scale [T ]
T Characteristic eddy overturning time [T ]
V Volume of fluid in a box [L3]
W Width of box [L]
We Work done in entrainment across an interface [ML
2/T 2]
We Work rate for entrainment across an interface [ML
2/T 3]
W˜e Dimensionless work rate for interfacial entrainment [−]
Table 2: Lower-case Roman
Symbol Description Dimensions
ab, at Area of opening(s) at the base and top of a box [L
2]
bc Radius of counterflow of penetrating fountain [L]
bd Radius of impingement dome [L]
bf Radius of fountain in a box [L]
bf Dimensionless radius of fountain in a box [−]
bi Radius of impinging jet/fountain at interface [L]
bp Radius of impingement dome at height z [L]
bu Radius of upflow of penetrating fountain [L]
fu Dimensionless buoyancy flux of upflow of fountain [−]
g Acceleration due to gravity [L/T 2]
∆g′ Buoyancy difference across an interface [L/T 2]
g′1 Buoyancy of lowermost buoyant layer in a box [L/T
2]
g′2 Buoyancy of top layer in a box [L/T
2]
g′c Buoyancy of counterflow of penetrating fountain [L/T
2]
g′f Buoyancy of fountain in a box [L/T
2]
g′u Buoyancy of upflow of penetrating fountain [L/T
2]
h Height of density interface of two-layer system [L]
h1 Height of lower interface of three-layer system [L]
h2 Height of upper interface of three-layer system [L]
k Aspect ratio of impingement dome [−]
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Table 2: Lower-case Roman
Symbol Description Dimensions
mu Dimensionless momentum flux of upflow of fountain [−]
n Exponent in entrainment law [−]
q2 Volume flux per unit height of secondary flow in upper layer [L
2/T ]
qe Volume flux per unit height entrained by peripheral vortices [L
2/T ]
qu Dimensionless volume flux of upflow of penetrating fountain [−]
r Radial coordinate [L]
rid Zone of interfacial deflection [L]
t Time [T ]
u2 Horizontal velocity of secondary flow in upper layer [L/T ]
uˇ2 Dimensionless velocity of secondary flow in upper layer [−]
ue Entrainment velocity into impingement dome [L/T ]
uec Entrainment velocity into counterflow of fountain [L/T ]
ueu Entrainment velocity into upflow of penetrating fountain [L/T ]
wc Vertical velocity of counterflow of penetrating fountain [L/T ]
wf Vertical velocity of fountain in a box [L/T ]
wf Dimensionless vertical velocity of fountain in a box [−]
wi Vertical velocity of impinging jet/fountain at interface [L/T ]
wu Vertical velocity of upflow of penetrating fountain [L/T ]
wv Vertical velocity within vortex layer [L/T ]
z Vertical upward coordinate from interface [L]
z´ Vertical upward coordinate from base of box [L]
z∗ Vertical downward coordinate from base of fountain-top [L]
zd Penetration depth of impingement dome [L]
Table 3: Upper-case and lower-case Greek
Symbol Description Dimensions
αc Entrainment coefficient for counterflow of fountain [−]
αd Entrainment coefficient for impingement dome [−]
αP Entrainment coefficient for plume [−]
αu Entrainment coefficient for upflow of penetrating fountain [−]
βc Dimensionless radius of counterflow of penetrating fountain [−]
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Table 3: Upper-case and lower-case Greek
Symbol Description Dimensions
βu Dimensionless radius of upflow of penetrating fountain [−]
γ1 Dimensionless buoyancy of lower layer of two-layer system [−]
γ2 Dimensionless buoyancy of upper layer of two-layer system [−]
Γ Circulation of vortex [L2/T ]
δ1 Dimensionless buoyancy of middle layer [−]
δ2 Dimensionless buoyancy of top layer [−]
∆1 Dimensionless net buoyancy of middle layer [−]
∆2 Dimensionless net buoyancy of top layer [−]
∆N Dimensionless net buoyancy in a box [−]
ζ Dimensionless upward coordinate from interface [−]
ζ∗ Dimensionless downward coordinate from fountain-top base [−]
η Maximum vertical displacement of interface [L]
θ Degree of buoyancy overshoot [−]
λi Confinement parameter [−]
ξ Dimensionless height of interface of two-layer system [−]
ξ1 Dimensionless height of lower interface of three-layer system [−]
ξ2 Dimensionless height of upper interface of three-layer system [−]
ρa Density of ambient fluid [−]
ρ1 Density of lowermost buoyant layer [M/L
3]
ρ2 Density of uppermost buoyant layer [M/L
3]
ρu Density of upflow of penetrating fountain [M/L
3]
ρc Density of counterflow of penetrating fountain [M/L
3]
τ Dimensionless time [−]
τlag Time lag between development of layer buoyancies [−]
Φ Entrainment flux ratio [−]
ψ Buoyancy flux ratio [−]
ωc Dimensionless vertical velocity of fountain counterflow [−]
ωu Dimensionless vertical velocity of fountain upflow [−]
Ω Vorticity [1/T ]

Preface
The turbulent motions of buoyant plumes and momentum jets are ubiquitous in both the
natural and built environments where a stable density stratification typically persists.
The fluid mechanics of turbulent plumes and jets in stratified environments encompasses
a fascinating and exigent field of research motivated by an extensive range of practical
applications that include low-energy building ventilation, urban air quality management
and the dispersion of pollutants in natural water bodies and the atmosphere. Merely as
a consequence of vertical variations in the density of the ambient fluid, variations which
often occur rapidly with depth in a shallow transitional layer (e.g. oceanic thermoclines
and atmospheric inversions) separating two fluid masses, the fundamental behaviour of
both plumes and jets (in otherwise uniform environments) can be profoundly modified.
Moreover, it is quite remarkable that the interaction between a localised turbulent plume
(or jet) and a quiescent stratified ambient fluid can give rise to an assortment of complex
and intriguing flow features, including the abrupt termination of the plume’s vertical
motion; turbulent downward transport of buoyant fluid against a stable density gradient;
vigorous irreversible mixing at a sharp interface separating two layers of different density;
strong background flows within a confined environment; thermal overshoots whereby the
temperature of a bounded fluid layer exceeds its steady value; and a breakdown in the
stratification induced by a bulk overturning of ambient fluid. The research herein delves
into the rich physics at the very heart of these flow features and sheds new light on when,
how and why they arise.
Over the last five decades, significant efforts have been made to fully understand the
localised phenomena associated with, and the larger scale effects of, plumes and jets in
stratified fluids. A localised phenomenon that has garnered extensive experimental study
is the turbulent entrainment of fluid across a horizontal density interface separating two
layers. This classic transport mechanism, driven by the destabilising effects of interfacial
turbulence and opposed by the stabilising effects resulting from the stratification, ensues
following the excitation of an interface by the localised impingement of a turbulent jet
or plume. The law governing the rate of turbulent entrainment across an interface has
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sparked a fascinating debate and has been one of the most controversial of all subjects
in this field, thus adding incentive for researchers to revisit the fundamental problem of
interfacial entrainment. Studies pertaining to the large-scale effects of plumes and jets
focus on how these flows influence and modify the environment as a whole. A complex
time-varying interdependence of buoyant plumes and the background stratification is the
hallmark of the classic ‘filling-box’ problem wherein turbulent plumes stratify a closed
box and of the complementary ‘emptying filling-box’ problem in which the confined
fluid exchanges with an external unbounded environment through openings. Interfacial
entrainment in a confined environment is inextricably intertwined with the evolution
of the stratification, thereby compounding the onerous tasks of determining the rate of
entrainment across an interface and predicting the ambient density distribution.
Whilst great strides have been made in this field of research, several basic questions
remain open. The principal questions that have shaped our study are the following:
 What is the rate at which fluid is turbulently entrained across a density interface
by an impinging jet or plume?
 When this complex transport phenomenon is examined in a confined environment
(e.g. in a box), as is necessary in laboratory experiments, how are the dynamics of
interfacial entrainment influenced or modified by the confinement?
 How does the localised interaction between a turbulent jet (or plume) and a density
interface influence or modify the velocity and density of a confined fluid?
 How does the density stratification within the confines of an emptying filling-box
develop following the activation of multiple plumes of different strengths? What
is the effect of introducing both a plume and a jet in an emptying filling-box?
Overarching aim
Fuelled by the aforementioned questions, our research aims to elucidate the fundamental
fluid mechanics governing two intrinsic facets of turbulent plumes and jets in stratified
environments, namely, the localised entrainment of buoyant fluid across a stable density
interface and the effects of these turbulent flows on the environment as a whole.
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Research objectives
The aim of our study is achieved by targeting the following three main objectives:
(1) to develop a theoretical model of the localised region of turbulent flow induced
by the impingement of a vertically-forced high-Reynolds-number axisymmetric jet
with a stable density interface separating two unconfined quiescent fluid masses
and to, thereby, determine the functional dependence of the turbulent entrainment
flux across the interface on the local parameters that govern the problem;
(2) to theoretically investigate interfacial entrainment resulting from the localised
impingement of a turbulent jet on a density interface separating two layers within
the confines of a box and to, thereby, establish (a) the influence of jet-interface
interaction on the two-layer stratification and (b) the effects of the confinement,
imposed by the physical boundaries of the box, on interfacial entrainment;
(3) to theoretically examine the time evolution of the density stratification within the
confines of an emptying filling-box following the activation of (a) two turbulent
plumes of unequal strengths, and (b) a turbulent plume and a turbulent jet,
with particular emphasis on ascertaining key features associated with the confined
stratification and on establishing the role of interfacial entrainment.
The thesis is structured such that each objective is the cornerstone of a detailed study
and is addressed in turn within each chapter. This layout has been adopted so that the
reader can better appreciate how the objectives are targeted and will therefore be assured
that we have been able to achieve our main aim. Moreover, as we will see, it is necessary
to first isolate and analyse interfacial entrainment (objective (1)) before proceeding to
examine the complex coupling of this local transport phenomenon with the larger scale
effects of jets and plumes on the environment as a whole (objectives (2), (3)).
Thesis roadmap
Chapter 1 begins by familiarising the reader with plumes, jets, interfacial entrainment
and filling-box flows. We highlight the motivation for our three studies (1)-(3) and their
significance in engineering, the atmospheric sciences and oceanography using examples.
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The pertinent literature is reviewed in each chapter rather than in a stand alone literature
review. In a brief overview of each study, we describe our approach to the problem and
summarise the key results. The overviews serve as precursors to the main chapters and
ultimately seek to provide the reader with an appreciation of the entire scope of our work,
without needing to step through the detailed analysis and mathematics. The detailed
analysis and exposition of the physics are presented in chapters 2, 3 and 4.
In chapter 2, with the aim of determining the volume flux Qe turbulently entrained
across a density interface,we draw on the wealth of previous experimental observations to
transform the physical problem of interfacial entrainment into a tractable mathematical
model – the model consisting of a set of conservation equations for the quasi-steady flow
in an unconfined environment that is induced and maintained by the impingement of a
turbulent jet with an interface separating two layers of uniform densities ρ1 and ρ2 < ρ1
(figure 1(a)). A mechanistic description of the entrainment process, necessary to close
the problem, sits at the heart of our model. We show that the dimensionless entrainment
flux Ei across the interface is governed solely by an interfacial Froude number Fri. We
classify the entrainment dynamics into three distinct regimes and, moreover, deduce that
our entrainment law follows Ei ∝ Fr2i for small Fri and Ei ∝ Fri for large Fri. Notably,
we illustrate the close agreement of our solutions with existing experimental data.
In chapter 3, to address the influence of confinement on interfacial entrainment, we
consider the steady two-layer density stratification established by a turbulent plume and
a negatively-buoyant turbulent jet in an emptying filling-box (figure 1(b)). The plume
and jet are non-interacting so that a steady buoyant upper layer is maintained by the
plume and interfacial entrainment is driven by the jet. Guided by previous experiments,
we develop a theoretical model describing the secondary flow in the environment that
is induced by jet-interface interaction and the entrainment across the interface in the
presence of the secondary flow. We reveal that the dependence of Ei on a ‘confinement’
parameter λi gives rise to a third entrainment law; when λi is sufficiently large, Ei ∝ Fr3i .
By unravelling the effects of confinement on the dynamics of interfacial entrainment, we
highlight the physical reasons for the controversy surrounding the entrainment law.
In chapter 4, our attention turns to an intrinsic facet of plumes and jets in confined
environments, namely, the time evolution of the density stratification. Significantly, the
time dependency of the stratification introduces an additional tier of complexity. We
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Figure 1: Schematics show the problems we examine: (a) turbulent entrainment across a density
interface in an unconfined environment driven by the localised impingement of a jet; (b) confined
interfacial entrainment resulting from the impingement of a dense turbulent jet with a buoyant
layer maintained by a turbulent plume in an emptying filling-box, which connects to an external
ambient via a top opening; (c) the density stratification that develops in an emptying filling-box
following the activation of two turbulent plumes of unequal strengths, or a plume and a jet.
develop a theoretical model to describe the transient density stratification that develops
in an emptying filling-box after two non-interacting turbulent plumes of unequal source
strengths are activated. The plumes give rise to a three-layer stratification comprised
of two buoyant layers and a lower region at ambient density (figure 1(c)). We show that
the mean buoyancy of the middle layer can exceed, or overshoot, its steady value and
that the plumes can induce a bulk overturning of the buoyant region. After deducing the
reasons why these previously unidentified phenomena occur and exploring their practical
implications, we extend our model to characterise the time-dependent stratification
established by a plume and a jet. We employ our entrainment models from chapter 2 to
determine when interfacial entrainment, driven by the impingement of the jet or weaker
plume with the upper interface, plays a key role in the evolution of the stratification.
Finally, in chapter 5 we draw our general conclusions, discuss the wider context of
our work and pose some open questions that may provide avenues for future research.
1Introduction
The airborne gas clouds ascending above industrial smoke stacks and volcanic eruptions
are instantly recognisable fluid flows (figure 1.1). Universally referred to as ‘turbulent
plumes’, these bodies of buoyant fluid are characterised by energetic, seemingly random
and chaotic motions encompassing a wide range of length scales. As described by Hunt &
van den Bremmer (2010), large-scale eddying motions, visible to the naked eye as rapidly
rotating parcels of fluid, engulf air from the external environment into the plume through
a turbulent process known as entrainment. By promoting vigorous mixing between the
buoyant fluid and the entrained air, smaller scale eddies dilute the contaminants and
gases comprising the plume. The highly irregular nature of turbulent motions within the
plume is exemplified by the spontaneous appearance and disappearance of the eddies. It
is remarkable that this description of a buoyant plume should lend itself beautifully to
the dynamically similar motions of a momentum jet. As turbulent plumes develop above
most natural and man-made heat sources, they are ubiquitous on an extraordinary array
of physical scales. Deep-sea hydrothermal plumes, generated by the heat of volcanic
activity at mid-ocean ridges, rise through a density-stratified environment and attain
heights of up to 300m above the sea floor (Rudnicki & Elderfield, 1992). By contrast,
the vertical extent of the thermal plumes that develop above electrical equipment and
occupants within the confines of a room are two orders of magnitude less than the heights
realised by deep-sea plumes. Remarkably, thermal plumes in a room are often invisible
to the occupants; however, many flow-visualisation techniques (Settles, 2001) can readily
reveal the intricate structures of these plumes. In all the aforementioned examples, the
difference in density between the plume and ambient fluids drives bulk vertical motion,
referred to as convection, and our focus herein is on turbulent convection. This chapter
seeks to familiarise the reader with the dynamics of turbulent convective plumes and jets
in stratified environments. We highlight their practical significance through examples
and present overviews of the three studies that form the cornerstone of this thesis.
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Figure 1.1: Turbulent buoyant plumes in the natural environment. (a) A vapour plume rising
above an industrial smoke stack in a calm, still environment (Hunt & van den Bremmer, 2010).
(b) An ash plume produced by a volcanic eruption of Mount St. Helens in 1980 (Krimmel, 1980).
1.1 Classifying turbulent plumes and jets
An intrinsic feature of most real-world plumes is turbulence – the agent that enables the
plume to transport and dilute fluid more effectively than its laminar counterpart (Pope,
2000). When the inertial forcing associated with the bulk vertical motion of the plume
dominates forces due to viscosity, the Reynolds number (which characterises the ratio of
inertial and viscous forces) is large and the motions are turbulent. Molecular diffusion in
turbulent plumes is typically negligible and entrainment is the dominant mechanism by
which ambient fluid is incorporated into the flow (Hunt & van den Bremmer, 2010). A
turbulent plume is a classic paradigm of high Rayleigh number convection (Linden, 2002),
in which the destabilising effects induced by the buoyancy of the fluid are large relative
to the stabilising effects resulting from the fluid’s viscosity and the diffusion of solute
(e.g. heat in thermal plumes). The convection is described as natural if buoyant fluid is
released with zero momentum flux so that the bulk vertical motion occurs solely due to
the density difference between the plume fluid and its surroundings. If, instead, buoyant
fluid is discharged vertically upwards with a non-zero flux of momentum, the motion is
described as forced convection (Turner, 1973). The Richardson number Ri characterises
the relative strengths of natural density-driven convection and forced momentum-driven
convection:
Ri =
bg′
w2
, (1.1)
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Figure 1.2: Schematics showing: (a) turbulent plume/jet and (b) turbulent fountain. Dashed
lines indicate the time-varying perimeter of the flow, solid lines show time-averaged envelope of
the flow, vertical arrows show direction of bulk motion and curved arrows indicate entrainment.
where w is the vertical velocity of the plume, b the radius of the plume, and
g′ = g
(
ρa − ρ
ρa
)
(1.2)
denotes the ‘buoyancy’ of the plume fluid, with density ρ, in an ambient of density ρa.
When the density of the release equals the density of the ambient (so that g′ = 0), the
continuous injection of fluid gives rise to a jet that derives energy solely from the source
momentum flux (List, 1982). When light fluid is released upwards into a relatively dense
environment (so that g′ > 0), the buoyancy acts in the direction of motion and the flow
develops as a plume. Turbulent jets and plumes are characterised by a conical column
of fluid whose perimeter continuously distorts (List, 1982), as depicted in figure 1.2(a).
When dense fluid is injected upwards into a relatively light environment (so that g′ < 0),
the buoyancy acts in the opposite direction to the motion and the flow develops as a
negatively-buoyant jet, or fountain. As the local vertical momentum flux is reduced by
the action of the buoyancy force, the fountain reverses direction after typically reaching
an initial maximum height and descends towards the source (Turner (1966); Baines et al.
(1993); Burridge & Hunt (2012)). Subsequently, the upflowing jet-like core becomes
shrouded by a slightly lighter plume-like counterflow, as depicted in figure 1.2(b).
Plumes are classified based on the balance of the fluxes of volume, momentum and
buoyancy at the source. For a ‘pure’ plume, the Richardson number Ri is invariant with
height and hence, the buoyancy-inertia ratio remains unchanged from that at the source
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(van den Bremmer & Hunt, 2010). A ‘forced’ plume arises from a source with an excess of
momentum flux, and thus enhanced forcing, compared to a pure plume with the same
source volume and buoyancy fluxes (Morton, 1959). Conversely, a plume with a deficit of
source momentum flux, and thus reduced forcing, is termed a ‘lazy’ plume (Hunt & Kaye,
2005). Notably, the detailed studies of forced and lazy plumes by Morton (1959) and
Hunt & Kaye (2005), respectively, reveal that forced plumes expand more rapidly with
height than pure plumes and lazy plumes contract near the source (see also Kaye (2008)).
The classification for fountains was pioneered by Kaye & Hunt (2006). Dominated by
their buoyancy, ‘weak’ fountains are characterised by a dome-like flow above the source.
Weak fountains, analogous to a hydraulic flow over a weir (the fountain nozzle being the
weir, Kaye & Hunt (2006)), exhibit low rise heights. In stark contrast, when the source
momentum flux is dominant, the fountain rises a significant distance above the source
and the flow is termed as a ‘forced’ fountain. For ‘intermediate’ fountains, the fluxes of
buoyancy and momentum at the source both play key role in the dynamics. An overview
of this classification for fountains is given in the review by Hunt & Burridge (2015).
Turbulent plumes (Ri > 0), fountains (Ri < 0) and jets (Ri = 0) have been the
subject of extensive theoretical and experimental studies since the mid 1900s, not least
because they are of considerable interest across the sciences and engineering.
1.2 Plumes and jets in unconfined environments
In large open bodies of fluid such as the Earth’s atmosphere, oceans and lakes, buoyant
plumes and momentum jets issuing from localised sources are not generally restricted
by physical boundaries. In other words, the flows propagate freely through the ambient
fluid. Familiar examples include the airborne gas plumes rising above industrial smoke
stacks and the pollutant jets formed by the forced discharge of eﬄuent from a power
plant into a water body. A freely-propagating plume (or jet) primarily acts to transport
the fluid and contaminants released at the source (Woods, 2010). Moreover, as the scale
of the plume is small compared to the scale of the surrounding environment, the plume
does not significantly influence or modify the ambient density distribution (Baines &
Turner, 1969). These attributes of the flow are often exploited mathematically to isolate
and examine plume behaviour; classic models of turbulent plumes (Morton et al. (1956);
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Morton (1959); Rooney & Linden (1996)) are based on the premise that the large open
environment is an unconfined domain and that the ambient density distribution remains
unchanged for the duration of interest. Testament to this approach of considering a
plume in an unconfined environment is that the classic models have been successful at
explaining the behaviour of a variety of real-world plumes (Carazzo et al., 2008).
Frequently, plumes develop within a confined body of fluid wherein their motions
are restricted by physical boundaries. Unlike freely-propagating plumes in an unconfined
environment, plumes in a confined region modify the properties (e.g.density and velocity)
of the ambient fluid (Baines & Turner (1969); Linden (2002)). Examples of confined
plumes include the streams of warm air rising above occupants, radiators and electrical
equipment in a room. Owing to the presence of confining boundaries, the rising plumes
fill the enclosed region with buoyant fluid and establish a stable density stratification.
Furthermore, as a consequence of entrainment, the plumes induce a bulk movement of
fluid in the environment. Significantly, these modifications to the environment in turn
alter the dynamics of the plumes (Cardoso & Woods (1993); Caulfield & Woods (1998);
Wong & Griffiths (1999)). Thus, it is necessary to account for the inherent interaction
between the plumes and the confined ambient fluid (see §1.3 for a further discussion).
Fuelled by the aim of understanding the behaviour of plumes, Morton et al. (1956)
developed a mathematical model of a quasi-steady turbulent axisymmetric plume rising
above a localised continuous buoyancy source in an unconfined quiescent environment
of uniform density, ρa (cf. figure 1.2(a)). By restricting their attention to small density
differences between the plume and ambient fluids, i.e. (ρa − ρ)≪ ρa, they invoked the
Boussinesq approximation so that the effects of this density contrast can be ignored
except where it gives rise to a buoyancy force in the momentum equation (Batchelor,
1967). Adopting top-hat profiles to describe the time-averaged horizontal variation of
vertical velocities and buoyancies within the plume, Morton et al. (1956) showed that the
equations expressing the conservation of volume flux (pib2w), specific momentum flux
(pib2w2) and buoyancy flux (pib2wg′) for the plume take the form
d
dzP
(
pib2w
)
= 2pibue,
d
dzP
(
pib2w2
)
= pib2g′,
d
dzP
(
pib2wg′
)
= 0, (1.3)
where zP is the vertical upward coordinate with origin at the plume source and ue is the
radial entrainment velocity at the edge of the plume. To achieve turbulence closure, it
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is necessary to describe the entrainment into the plume. Morton et al. (1956) proposed
that the mean inflow velocity ue across the boundary between the plume and the ambient
is proportional to the time-averaged vertical velocity at the level of the inflow, i.e.
ue = αPw, (1.4)
where αP is the entrainment coefficient for the plume. This elegant parameterisation,
referred to as the entrainment hypothesis, sits at the very heart of the plume model.
Despite its simplicity, the entrainment hypothesis encapsulates the complex process by
which ambient fluid is turbulently engulfed into the plume and remains the benchmark
for entrainment models. Moreover, it has been successfully applied to a wide variety of
other turbulent flows including buoyant jets in a steady ambient stream (Morton, 1961),
steady fountains (Bloomfield & Kerr, 2000)and gravity currents (Johnson & Hogg, 2013).
For the vast majority of turbulent flows in which entrainment is an integral feature, the
entrainment velocities are typically 10% of the mean local velocity of the flow (Turner
(1986); Woods & Caulfield (1992); Ezzamel et al. (2014)).
The work of Morton et al. (1956) has laid the foundations for classic plume theory,
based on which a suite of subsequent studies have successfully analysed forced plumes
in a linearly stratified environment (Morton, 1959), non-Boussinesq plumes (Rooney &
Linden, 1996), steady fountains that exhibit an upflow and a counterflow (Bloomfield &
Kerr, 2000), time-dependent plumes (Scase et al., 2006), vertically-distributed plumes
(Cooper & Hunt, 2010) and buoyant jets in cross flows (Devenish et al., 2010). Notably,
van den Bremmer & Hunt (2010) presented closed-form solutions to the plume equations
(1.3) that are universally valid for Boussinesq and non-Boussinesq plumes. The appeal
of the classic plume model (1.3) is that it can be readily adapted to include additional
terms that capture key physics pertinent to the flow under consideration. This extends
to the flow chemistry – Campbell & Cardoso (2010) showed that chemical interactions
between the plume and ambient fluids can given rise to off-source buoyancy generation.
1.2.1 The inspiration for our work
The theoretical developments herein are inspired by the long history of simplified models
of turbulent plumes and jets. As such, our mathematical models capture time-averaged
integral quantities, namely the fluxes of volume, momentum and buoyancy within the
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flow under consideration. These fluxes are formed, at a given height, by appropriate
summation of dynamic quantities (i.e. vertical velocity and buoyancy) over the horizontal
cross-section of the flow. This is the underlying principle of an ‘integral model’, whose
primary purpose is to describe the bulk properties of the flow. Owing to the turbulent
nature of the flows considered, we rely on the insight from previous experiments to guide
assumptions that enable us to transform physical problems into mathematical models.
The major benefit of this approach is that instead of having to manipulate the typically
intractable Navier-Stokes equations, a coupled system of non-linear partial differential
equations which govern fluid flow, we characterise the essential physics through a simpler
system of simultaneous equations, for which analytic solutions can be found, or a system
of ordinary differential equations, which can be readily numerically integrated.
1.2.2 The influence of a stable stratification on plumes and jets
Spatial variations in the density of the ambient fluid can have a profound effect on the
behaviour of plumes and jets (Caulfield & Woods, 1998). In particular, a rising plume
(or jet) is arrested if it encounters a stable interface separating two layers of uniform but
different density and the plume fluid penetrating the interface is heavier than the fluid in
the upper layer (Baines (1975); Kumagai (1984)). Moreover, the localised impingement
of the plume with the density interface gives rise to the turbulent entrainment of buoyant
fluid from the upper layer downwards across the interface. In the region of impingement,
interfacial entrainment is coupled with localised vigorous mixing between the plume fluid
and the fluid engulfed from the upper layer (Cardoso & Woods (1993); Shy (1995); Cotel
et al. (1997); Mott &Woods (2009)). We now highlight geophysical and engineering flows
wherein this classic transport phenomenon (Fernando, 1991) plays an instrumental role.
1.2.3 Entrainment across interfaces in oceans and lakes
The following discussion on interfacial entrainment in water bodies is based on that
given in Fischer et al. (1979). The thermal stratification of oceans and lakes is typically
characterised by a well-mixed warm upper layer of approximately uniform temperature
and a cooler lower layer whose temperature decreases gradually with increasing depth,
as depicted in figure 1.3. These two fluid layers are separated by the thermocline, a thin
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Figure 1.3: Schematic showing the typical thermal stratification of an ocean or a lake. Owing to
heat losses, a dense unstable surface layer forms and gives rise to descending plumes. The plumes
impinge on the density interface separating the well-mixed upper layer and the stratified lower
layer. The impinging plume drives entrainment of dense water upwards across the interface.
transitional region where the density and temperature gradients are greatest (Strang
& Fernando, 2001). In lakes, the temperature of the upper layer undergoes a diurnal
variation due to solar heating during the day and radiative cooling at night. As a direct
consequence of the cooling, a dense layer develops at the water surface (figure 1.3) and
becomes statically unstable, thereby giving rise to negatively-buoyant turbulent plumes
that descend towards the thermocline (Fischer et al., 1979). Owing to the substantial
mass of an ocean, the cooling of its water surface occurs over relatively long time scales
and, therefore, the resulting oceanic plumes are long-lived (Woods, 2010).
As the plume fluid penetrates the density interface separating the upper and lower
layers, local buoyancy forces arrest its vertical motion, resulting in the formation of a
dome-like upwelling (figure 1.3). The kinetic energy channelled to the interface via the
plume drives entrainment of underlying dense water into the impingement dome. The
entrained fluid is transported upwards across the interface and incorporated into the
thermocline. Thus, the rate of interfacial entrainment sets the depth of, and the density
distribution within, the thermocline (Fischer et al. (1979); Strang & Fernando (2001)).
Spatio-temporal variations of a thermocline influence marine ecosystems, the carbon
cycle in oceans, large-scale circulation and sonar performance (Zhang et al., 2012). In
artificial reservoirs, entrainment across interfaces has a significant effect on the salinity,
temperature and overall quality of the water (Fischer et al., 1979). A comprehensive
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understanding of interfacial entrainment and a means to predict the rate at which fluid
is transported by this process are imperative to guiding and aiding the management of
natural water bodies and efficient design of reservoirs. Moreover, as entrainment across
interfaces acts to redistribute thermal energy, it requires inclusion in large-scale climate
models which describe the heat and energy budgets for oceans (Woods et al., 2010).
The immediate challenge for researchers lies in the development of mathematical
models that accurately predict the entrainment flux across an interface, whilst retaining
an emphasis on mathematically tractable solutions so that one can readily gain physical
insight and apply these models in, for example, the aforementioned scenarios. Although
laboratory experiments provide a route to quantifying the entrainment flux, there are
inherent complexities associated with this approach, which we discuss in §1.3 (as indeed
there are with a theoretical approach which we take). Over the course of this thesis, we
reveal key implications of these complexities for the parametersiation of the entrainment
flux. Moreover, a whole host of previous experimental studies have given rise to several
fundamental questions that remain unresolved. In §1.2.5, we place the spotlight on these
open questions and explain why they are the catalyst for our studies in chapters 2 and 3.
1.2.4 Entrainment across interfaces in the atmosphere
Entrainment at the boundary between the lowest layer of the Earth’s atmosphere and the
stratosphere is instrumental in determining global weather patterns. Furthermore, the
resulting vertical exchange of atmospheric chemicals can contribute to the depletion of
the ozone layer and to the formation of acid precipitation (Shapiro, 1980).
Frequently, a mass of warm air moves over the cooler lower layer near the Earth’s
surface, thus giving rise to a sharp temperature inversion, which is synonymous with a
density interface (Wallace & Hobbs, 2006). Crucially, atmospheric inversions suppress
the pollutant plumes rising above industrial smoke stacks and other heat sources (e.g.
vehicles and power stations) in built environments. Figure 1.4 shows a typical example
of the interaction between a plume and an inversion. Warm air is turbulently entrained
from the upper layer and transported across the interface by energetic eddies within a
shallow dome atop the impinging plume. The pollutants carried by the plume and the
fluid entrained from the upper layer spread out as a gravity current beneath the inversion
(Baines, 1975). As the pollutants are trapped within the lower regions of the atmosphere,
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Figure 1.4: The localised impingement of a pollutant plume with a sharp temperature inversion
separating a warm upper layer and a cooler lower region (Johan, 2006). The curved cap atop
the impinging plume signifies the termination of upward motion. The plume fluid and the fluid
entrained from the upper layer spread laterally beneath the inversion, giving rise to thick smog.
the populated area becomes shrouded by a hazy layer of pollutant-rich smog (figure 1.4).
Significantly, the vigorous turbulent mixing within the impingement dome determines
the concentrations of the pollutants supplied to the smog layer. As smog is toxic, it can
cause respiratory illnesses and even deaths (Wallace et al., 2010). In cities surrounded
by hills, the spreading of the gravity current is restricted and, thus, the deterioration
of air quality is exacerbated by rapid deepening of the smog layer. Severe air pollution
induced by inversions remains a pressing problem across the world, especially in major
cities (Wallace et al., 2010).
Mathematical models that describe the development of a smog layer are absolutely
central to the effective management of urban air quality in the event of an inversion.
Irrefutably, the cornerstone of these models is the physics that governs plume-interface
interaction and turbulent entrainment across density interfaces. The bulk dynamics of
a plume are well described by the classic plume theory of Morton et al. (1956) (see also
Zeldovich (1937)). However, despite considerable experimental efforts and a plethora of
scientific papers since the influential works of Rouse & Dodu (1955) and Turner (1968),
there is currently no consensus on the entrainment flux across an interface. It is fair to
state that at the very outset of this research, the problem of quantifying the entrainment
flux is compounded by the absence of a theoretical model which describes:
 the dynamics of plume-interface interaction,
 the impingement dome atop the incident plume, and
 the process by which fluid is turbulently entrained into the dome.
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Motivated by the need to enhance our understanding of turbulent entrainment across
interfaces, we theoretically examine this classic transport phenomenon in our first study.
1.2.5 Overview of study 1 – unconfined entrainment across interfaces
Over the last five decades, a myriad of researchers have endeavoured to experimentally
determine the time-averaged volume flux Qe turbulently entrained across an interface
(see §2.1 and the reviews by Fernando (1991) and Cotel (2010) for a detailed discussion
of previous works). The results from these experiments indicate that the dimensionless
entrainment flux Ei = Qe/(pib
2
iwi) is governed solely by an interfacial Froude number
Fri = wi/
√
bi∆g′ and, moreover, that the relationship between these quantities follows
the power law
Ei = AFr
n
i , (1.5)
where wi and bi are the vertical velocity and radius, respectively, of the plume at the
interface, ∆g′ is the buoyancy difference across the interface and A and n are constants.
A fascinating controversy surrounding the exact form of the entrainment law has been
sparked by a wide variation in the reported values of the exponent n, which include n = 0
(Lin & Linden, 2005), n = 1 (Baines et al., 1993), n = 2 (Cardoso & Woods (1993);
Ching et al. (1993)), n = 3 (Baines (1975); Kumagai (1984); Coffey & Hunt (2010))
and n = 3.5 (Fernando & Long, 1983). This unresolved dispute over the dependence of
Ei on Fri originates from the significant scatter in the existing measurements, wherein
experimentally inferred values of Ei differ by up to an order of magnitude for a given Fri
(figure 1.5). The dispute over the value of n is also highlighted by Kaye (2008) and Coffey
& Hunt (2010). Furthermore, many of the experimental results remain unsupported by
theoretical arguments. Undeniably, the disparities in the existing measurements and the
unexplained trends cast doubts for engineers and scientists seeking to quantify Ei.
We commence our first study in chapter 2 by revisiting the fundamental question:
what is the law that governs the rate of turbulent entrainment across a density interface?
We develop theoretical models describing the localised region of turbulent flow in an
unconfined environment that is induced, and maintained, by the impingement of a
quasi-steady high-Reynolds-number axisymmetric jet with a stable density interface
separating two quiescent layers. We examine the turbulent entrainment of buoyant fluid
across the interface in the large-time asymptotic state, wherein the interfacial gravity
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Figure 1.5: Dimensionless turbulent entrainment flux Ei across a density interface as a function
of the interfacial Froude number Fri: comparison of our theoretical solution (solid line) with
existing experimental measurements.
current becomes infinitesimally thin and a two-layer stratification persists (figure 1(a)).
Guided by the wealth of previous experimental observations, we characterise small-Fri
impingements as a semi-ellipsoidal interfacial dome and model large-Fri impingements
as a fully-penetrating turbulent fountain that exhibits an upflow and a counterflow. By
combining conservation equations with a mechanistic description of the entrainment,
we deduce that our entrainment law follows
Ei =

0.24Fr
2
i for Fri < 1.4,
0.42Fri for Fri > 3.8.
(1.6)
Figure 1.5 illustrates the close agreement of our predictions with the extensive data sets
of Kumagai (1984) for small Fri and Baines et al. (1993) for large Fri. Complementary
scaling arguments reveal that the quadratic power law captures an inherent balance
between the energy supplied by the jet and the energy expended in the entrainment.
Moreover, we establish that the linear power law governs penetrative entrainment driven
by shear-induced engulfment into a fountain. Drawing on our predictions, we classify
the dynamics of entrainment across interfaces into three distinct regimes.
Having elucidated the dominant physics governing the quadratic and linear power
laws, in our second study we turn our attention to the open questions regarding the
physical reasons for the cubic power law and for the significant scatter in the existing
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data. We argue that the answers to these key questions are centred around an intrinsic
feature of all previous experimental studies, namely, the confinement imposed by the
physical boundaries of the box in which interfacial entrainment is examined. Prior to
presenting an overview of our second study, we now highlight the challenges associated
with examining plumes, jets and interfacial entrainment in a confined environment.
1.3 Plumes and jets in confined environments
The activation of turbulent plumes in a confined fluid gives rise to a complex coupling
between the time evolution of the density stratification and the dynamics of the plumes
(Baines & Turner (1969); Caulfield &Woods (2002); Kaye & Hunt (2004)). Furthermore,
when a turbulent plume (or jet) impinges on a sharp density interface separating two
initially uniform layers in a box, there is an inherent time-varying interdependence of the
entrainment flux across the interface and the growth of a stratified buoyant intermediate
layer (Kumagai (1984); Mott & Woods (2009); Hunt & Coffey (2010)). Thus, there are
two fundamental facets of plumes and jets in confined stratified environments, namely,
turbulent entrainment across an interface and the time evolution of the stratification.
Notably, both of these facets are of significant practical interest in low-energy building
ventilation (see §1.3.2 and the review byWoods (2010) for a further discussion) and in the
replenishment of magma chambers (Cardoso &Woods (1996); Bloomfield & Kerr (1999)).
To measure the entrainment fluxEi, experimentalists have historically considered the
localised impingement of a turbulent plume, jet or fountain with a density interface in
a transparent box or visual tank (Baines (1975); Kumagai (1984); Baines et al. (1993)).
Owing to the confinement, the effects of an impinging plume (or jet) on the environment
as a whole and the subsequent changes in plume behaviour effected by the modifications
to the environment are ineliminable features of these experiments. Experimental studies
(Jirka & Harleman (1979); Ching et al. (1993)) have demonstrated that turbulent plumes
and jets in a confined fluid can give rise to strong secondary flows in the environment.
Crucially, Jirka & Harleman (1979) identified that these secondary flows influence and
modify the entrainment into plumes and jets. One may therefore anticipate secondary
flows in a confined two-layer system to influence or modify the dynamics of entrainment
across an interface and its measurement. Surprisingly, this aspect of the problem has
never been explored previously.
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1.3.1 Overview of study 2 – confined entrainment across interfaces
Despite box confinement being an innate characteristic of all laboratory experiments, its
effects on interfacial entrainment have not been addressed until now. From a scientific
viewpoint, it is disconcerting that the scatter in the existing measurements of Ei and the
cubic power law remain unexplained. These gaps in the field give us a strong impetus to
examine the role of confinement. In our second study, we raise the question: how does
the confinement provided by the boundaries of a box influence interfacial entrainment?
Based on existing experimental results, we hypothesise that background secondary
flows may influence interfacial entrainment. We investigate this hypothesis by relaxing
the condition of an unconfined environment and extend our model (from chapter 2) to
describe the turbulent entrainment of buoyant fluid across a density interface separating
two uniform layers in a box. Complexities associated with the time-dependent coupling
between the entrainment flux and the evolution of an intermediate layer are overcome by
considering the steady two-layer stratification established by a turbulent plume and a
turbulent fountain in a box, the box connecting to an unbounded external ambient via an
opening at the top. Figure 1(b) depicts the system we consider. The plume and fountain
rise from the base of the box and are non-interacting. In the context of this study, the
plume is an artefact for enabling a steady upper layer to be maintained and the fountain
is the source of interfacial turbulence. Drawing on the insight from previous experiments,
we develop a theoretical model which describes the dynamics of:
1. the perpetual cycle of vertical excursions of the density interface that results from
the impingement of the fountain,
2. the steady secondary flow in the environment that is induced and maintained by
the interfacial deflections, and
3. the turbulent entrainment of fluid across the interface in the presence of the steady
secondary flow.
We reveal that Ei is governed by not only Fri, but also a ‘confinement’ parameter λi,
which characterises the length scale of interfacial turbulence relative to the depth of the
upper layer, so that in general Ei = Ei(Fri, λi). The effects of confinement on interfacial
entrainment are captured via the influence of the secondary flow on Ei. By determining
the range of λi that may be regarded as small and large, we shed new light on the role
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of confinement. We establish that for small λi, the secondary flow is weak and has only
a minor influence on Ei, whereas when λi is sufficiently large, a strong secondary flow
significantly influences Ei. In these limits, we deduce that
Ei ∝

Fr
2
i for λi ≪ 0.16Fr−2i ,
Fr3i for λi ≫ 0.16Fr−2i .
(1.7)
Therefore, our theory of confined interfacial entrainment elucidates the key physics that
underpins the cubic power law. We illustrate that for previous experiments, λi exhibits
considerable scatter and can differ by more than an order of magnitude for a given Fri.
Based on this result and drawing on our model predictions, we establish that the spread
in the measurements of Ei is primarily attributed to the dependence of Ei on λi.
1.3.2 Entrainment across interfaces in building airflows
In low-energy building ventilation, entrainment across the thermal interfaces separating
warm and cooler regions of a room often plays a pivotal role in determining the internal
temperatures and rates of air exchange with the external environment, thereby directly
influencing the comfort of occupants (see, for example, Lin & Linden (2005)). Within a
ventilated room, the natural inflow of cool external air via low-level openings may
develop as a turbulent jet and impinge on a warm top layer produced by internal heat
gains (cf. Coffey & Hunt (2010)), as depicted in figure 1.6(a). The resulting turbulent
downward transport of warm air gives rise to a deepening stratified intermediate layer.
If the warm top layer is maintained at a steady depth by a rising thermal plume and the
ceiling is mechanically cooled to produce a descending fountain of cool air, the fountain
entrains fluid from the lower layer at ambient temperature and transports it across a
thermal interface into a warmer intermediate layer (cf. Cooper & Linden (1995)), as
depicted in figure 1.6(b). If, instead, the ventilated room is heated simultaneously by two
non-interacting thermal plumes of unequal strengths (e.g. the plumes above an occupant
and a computer), the weaker plume may impinge on the steady top layer established by
the stronger plume and turbulently entrain warm air across the interface separating the
top and intermediate layers (cf. Linden & Cooper (1996)), as depicted in figure 1.6(c).
These examples comprise just a small selection of the numerous scenarios in which
interfacial entrainment is an integral feature of the airflow dynamics in ventilated rooms.
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Figure 1.6: Schematics showing entrainment across a thermal interface in rooms ventilated via
openings at the top and base. Interfacial entrainment occurs when: (a) the inflow via a low-level
opening develops as a jet and impinges on a warm top layer (cf. Coffey & Hunt (2010)); (b) a
descending fountain of cool air impinges on the thermal interface separating a warm intermediate
layer and an ambient lower layer (cf. Cooper & Linden (1995)); (c) a thermal plume impinges
on the warm top layer established by a stronger plume (see chapter 4).
Notably, our entrainment laws, (1.6) and (1.7), provide engineers with a simple means to
confidently quantify the entrainment fluxes across thermal interfaces in ventilated rooms.
The close agreement of our theoretical solutions with a significant subset of existing data
(figure 1.5) measuring these fluxes lends support to the inclusions of our entrainment
laws in building airflow models (cf. the models reviewed by Linden (1999)).
1.3.3 The stratification established by plumes and jets
We recall (§1.3) that two intrinsic facets of plumes and jets in a confined fluid are (i) the
localised entrainment across an interface and (ii) the time evolution of the stratification.
Having elucidated the dynamics of interfacial entrainment by virtue of our first two
investigations, in the third study we focus on the time-dependent density stratification
established by plumes and jets in a confined fluid. Significantly, the time dependency of
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the stratification introduces an additional layer of complexity and, moreover, the early
transients can exhibit complex phenomena including the formation of strong shear layers
resulting from the lateral outflow of the plume (Wong et al., 2001), the overturning of
the plume’s outflow caused by its impingement with the side boundaries (Barnett (1991);
Kaye & Hunt (2007)) and the interaction between the outflows of multiple plumes (Wong
& Griffiths, 1999). These phenomena and the evolution of the stratification are strongly
dependent on the geometry of the confinement, the relative strengths of the sources, the
sequence in which the sources are activated and the competing effects of jets and plumes.
Furthermore, in many scenarios, interfacial entrainment is inextricably intertwined with,
and has a significant influence on, the transient stratification (Cardoso & Woods (1993);
Fitzgerald & Woods (2007); Hunt & Coffey (2010)). Prior to presenting an overview of
our third investigation, we discuss how plumes stratify a box and why this problem is
of practical interest in low-energy building ventilation and oceanography.
Following the activation of a plume at the base of an initially unstratified sealed box,
the plume rises to the top of the box and its outflow spreads as a gravity current to form
a buoyant layer. The density interface established descends as the buoyant layer deepens,
filling the box. This ‘filling-box’ mechanism was first studied by Baines & Turner (1969)
and later became the origin of the ‘emptying filling-box’ problem, wherein the filling flow
attributed to the supply of fluid from the plume occurs in conjunction with a draining
flow responsible for purging buoyant fluid from the upper layer into an external ambient
via openings at the top. Ambient fluid is simultaneously drawn into the box via openings
at the base and a classic displacement flow (cf. Hunt & Coffey (2010)) is established.
When the filling and draining flows are exactly balanced, the plume maintains a steady
buoyant upper layer of uniform density (Linden et al., 1990).
These models are the starting point for more complex scenarios; figure 1.6 illustrates
three extensions of the Linden et al. (1990) emptying filling-box model. Cooper &
Linden (1996) showed that a steady three-layer stratification results when the total
buoyancy input is unevenly partitioned between two localised sources (figure 1.6(c)). A
significant milestone in this field is the work of Hunt & Coffey (2010) which demonstrates
that a classic displacement flow is only one of four possible regimes. They identified that
a bi-directional flow may occur at the top opening, or the inflow (via the base opening)
may develop as an turbulent jet, impinge on the buoyant upper layer and drive interfacial
entrainment (figure 1.6(a)). A suite of other studies have examined the flow established
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by a plume in a sealed box which is initially linearly stratified (Cardoso & Woods, 1993),
buoyancy-driven displacement flows opposed by external winds (Hunt & Linden, 2005),
flows in interconnected chambers (Flynn & Caulfield, 2006), transport of contaminants
in an emptying filling-box containing a turbulent plume (Bolster & Linden, 2007) and
the dynamics induced by changes in the source strength of a plume (Bower et al., 2008).
A comprehensive review of pertinent literature in this field is presented in chapter 4.
The filling-box and emptying filling-box models provide considerable insight into the
thermal stratification and airflow patterns in buildings. Fuelled by the need to minimise
the energy consumption associated with cooling buildings and address environmental
objectives on reducing carbon emissions (Wagner et al., 2007), the late twentieth century
witnessed a reawakened interest in natural ventilation – a process by which warm air is
passively purged from a room via high-level openings due to a net vertical flow driven by
the naturally occurring force of buoyancy. Natural ventilation offers a means to optimise
air quality in buildings and establish comfortable temperatures for the occupants, whilst
minimising the energy expenditure attributed to air-conditioning and forced mechanical
ventilation (Linden, 1999). Elegant in their simplicity, emptying filling-box models guide
and facilitate the efficient design of ventilated spaces, and provide engineers with a means
to harness the energy savings inherent in the use of natural ventilation. The models also
capture key features of the dispersion of pollutants in oceans and lakes (Csandy, 1973),
the thermohaline circulation of oceans, the production of oceanic bottom waters (Wong
& Griffiths, 1999) and the mixing of plumes in polar oceans (Paluskiiewicz et al., 1994).
Thus, the models play a key part in aiding the management of natural water bodies.
1.3.4 Overview of study 3 – turbulent plumes of unequal strengths in
an emptying filling-box
To address the influence of confinement on interfacial entrainment, in our second study
we developed a theoretical model describing the steady density stratification established
by a plume and a fountain in an emptying filling-box (figure 1(b)). In the context of
building airflows, our model can be used to predict the steady-state temperature profile
in a ventilated room heated by thermal plumes rising above localised sources of equal
strength (e.g. occupants or computers), and cooled simultaneously by upward injection
of cool air from underfloor mechanical diffusers (cf. Lin & Linden (2005)).
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Having examined the stratification maintained by a plume and a fountain, in our
third study we consider the scenario where the direction of the (negative) buoyancy flux
of the fountain is reversed so that the box is subject to a continuously supply of solely
positive buoyancy from two plumes of unequal strength. Pertinently, the problem of a
box heated by two unequal plumes is the complementary counterpart of the situation in
which the box is heated and cooled simultaneously by a plume and a fountain. Whilst the
steady stratification maintained by two plumes of unequal strengths is well understood
through the work of Cooper & Linden (1996), in chapter 4 we raise the basic question:
how does the density stratification evolve in the lead up to this steady state?
The activation of two non-interacting turbulent plumes of constant source buoyancy
fluxes B1 and B2 > B1 in an emptying filling-box typically gives rise to a three-layer
stratification comprised of two buoyant layers and a lower region at ambient density. We
develop a theoretical model to predict the time evolution of this stratification and the
displacement flow driven by the buoyant layers through openings, at the top and base,
that connect the box to an unbounded external ambient of uniform density (figure 1(c)).
When the top layer provides the dominant forcing, we establish that the mean layer
buoyancies evolve on two characteristically different time scales, thus inducing a time lag.
As a consequence, the mean buoyancy of the intermediate layer exceeds, or overshoots,
its steady value for a significant duration. In the context of ventilated rooms, this would
give rise to a ‘thermal overshoot’, which can have crucial practical implications as the
occupants would experience a region of ‘localised overheating’. Furthermore, we find that
the two plumes can induce a bulk overturning of the buoyant layers, thereby causing a
breakdown in the stratification. For a given source strength ratio ψ = B1/B2, we show
that thermal overshoots are realised for dimensionless opening areas A < Aos and bulk
overturning forA < Aot. Moreover, we establish that these two flow features are strongly
dependent on the time history of the flow.
By employing our entrainment models, we deduce that entrainment across the upper
interface resulting from the impingement of the weaker plume can have key implications
for the early transients. If the box contains a plume and a jet, we show that entrainment
across the upper interface, driven by the impinging jet, plays an instrumental role in the
time evolution of the density stratification.
2Unconfined turbulent entrainment
across density interfaces
The contents of this chapter have been published in JFM, Shrinivas & Hunt (2014b).
In this chapter, we develop theoretical models describing the quasi-steady downward
transport of buoyant fluid across a gravitationally stable density interface separating
two unconfined quiescent fluid masses. The primary transport mechanism is turbulent
entrainment resulting from the localised impingement, from below, of a vertically-forced
high-Reynolds-number axisymmetric jet with steady source conditions. The entrainment
across the interface is analysed in the large-time asymptotic state, wherein the interfacial
gravity current, formed by the fluid entrained from the upper layer and the jet, becomes
infinitesimally thin and a two-layer stratification persists.Characterising flows with small
interfacial Froude numbers (Fri) as an axisymmetric semi-ellipsoidal impingement dome,
we combine conservation equations with a mechanistic model of entrainment and reveal
that, in this regime, the dimensionless entrainment flux Ei across the interface follows
the power law Ei = 0.24Fr
2
i . For large-Fri impingements, modelled as a fully-penetrating
dense turbulent fountain, we show that Ei no longer scales with Fr
2
i , but linearly on Fri,
following Ei = 0.42Fri. We establish the intermediate range of Fri over which there is
a transition between these quadratic and linear power laws, thus enabling us to classify
the dynamics of turbulent entrainment across the interface into three distinct regimes.
Finally, we illustrate the close agreement of our models with existing experimental data.
2.1 Introduction
The excitation by turbulent motions of a gravitationally stable horizontal interface
separating two uniform fluid masses of different density gives rise to the entrainment
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of buoyant fluid across the interface. This classic transport phenomenon, characterised
by the interaction between a stable density stratification and the destabilising effects of
interfacial turbulence, plays a pivotal role in a wide range of geophysical and engineering
flows. A comprehensive review of the practical applications of turbulent entrainment
across density interfaces can be found in chapter 1.
Fuelled by the aim of determining the rate of entrainment across a density interface,
a significant number of studies have stemmed from the pioneering work of Rouse & Dodu
(1955). By considering the vertical oscillation of a rectangular grid positioned parallel to,
and some distance below, a horizontal density interface, Rouse & Dodu (1955) examined
the deepening of a turbulent lower layer due to the entrainment of relatively light fluid
from an overlying quiescent layer, as depicted in figure 2.1(a). Turner (1968) postulated
that the lower layer deepens at a rate controlled primarily by the interaction between the
local turbulent motions and the interface. Accordingly, Turner hypothesised that the
entrainment rate be parameterised purely in terms of quantities local to the interface,
namely, the characteristic length scale of the impinging eddies, the turbulence intensity
and the interfacial buoyancy jump. Turner’s hypothesis has since formed the cornerstone
of the research on entrainment across interfaces.
Baines (1975) considered an axisymmetric turbulent plume incident with a sharp
interface separating two initially homogeneous layers of different density. Subsequent
to its impingement with the interface, the plume entrains buoyant fluid from the upper
layer and forms a new intermediate layer, as depicted in figure 2.1(b). In accordance
with Turner’s (1968) hypothesis, Baines (1975) deduced from his measurements that the
volume fluxQe turbulently entrained across the interface is dependent on the local plume
radius bi, vertical plume velocity wi (the subscript ‘i’ reading ‘at the interface’) and the
buoyancy difference ∆g′ across the interface. Forming an interfacial Froude number
Fri = wi/
√
bi∆g′, which characterises the relative strengths of the destabilising inertial
forcing and the stabilising buoyancy force, Baines (1975) showed that the dimensionless
entrainment flux Ei = Qe/(pib
2
iwi) follows the power law
Ei = AFr
n
i , (2.1)
with n = 3 and A = 0.07 (figure 2.2). Whilst this form of entrainment law (2.1) has not
been in dispute, there is currently an unresolved debate over the value of the exponent n.
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Figure 2.1: Schematics show experimental configurations previously used to examine turbulent
entrainment across a density interface. The entrainment is driven by: (a) turbulent interfacial
motions generated by the vertical oscillation of a rectangular grid within the lower layer; (b)
the localised impingement of a turbulent plume/jet with an interface; (c) the impingement of
discrete vortex rings with an interface; (d) the localised impingement of a turbulent fountain
with an interface separating a deepening dense lower layer and slightly lighter upper layer.
Investigating the interaction of discrete vortex rings with a sharp density interface, as
depicted in figure 2.1(c), Linden (1973) showed that his experimental measurements, and
a complementary theoretical model of the local vortex-interface interaction, support an
Ei ∝ Fr3i entrainment law. Notably, Kumagai (1984) considered the same experimental
configuration as Baines (1975) and based on measurements of the entrainment rate
across the interface (figure 2.2), he proposed the empirical relationship
Ei =
Fr3i
1 + 3.1Fr2i + 1.8Fr
3
i
. (2.2)
From (2.2), Ei ∝ Fr3i for Fri ≪ 1 and Ei → 0.56 for Fri ≫ 1. Interestingly, Kumagai
argues that Linden’s data in fact suggests a power-law exponent of n ≈ 2 for small Fri,
rather than n = 3. More recently, Coffey & Hunt (2010) examined, within the confines
of a box, the interfacial mixing induced by the impingement of a turbulent inflowing
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Figure 2.2: Experimental measurements of the dimensionless turbulent entrainment flux Ei
against the interfacial Froude number Fri. The solid line (Ei = 0.07Fr
3
i ), dashed line (2.2) and
dashed-dotted line (Ei = 0.65) are the empirical relationships of Baines (1975), Kumagai (1984)
and Lin & Linden (2005), respectively.
fresh water jet (via an opening at the top) on a dense saline layer draining from the box
(via an opening at the base). Their measurements also suggested Ei ∝ Fr3i for Fri < 1
and that Ei tends to a constant value for Fri > 1.
Cardoso & Woods (1993) examined the volume flux turbulently entrained by the top
of a rising axisymmetric plume from a stratified upper layer across an interface into an
almost uniform lower layer. Building on the energy arguments of Linden (1975), their
model assumes that a constant fraction of the kinetic energy supplied at the interface
by the plume, energy for turbulent entrainment, is converted into the potential energy
of the stratification. This elegant energetic formulation yields Ei ∝ Fr2i , consistent with
their experimental results. Notably, they identified that an entrainment law of this
quadratic form provides a better fit to Kumagai’s (1984) data for Fri . 1 than his
Ei ∝ Fr3i . This n = 2 result is also in agreement with the experimental measurements,
and complementary scaling arguments, of Ching et al. (1993) who investigated the
impingement of a turbulent line plume on a sharp density interface.
Baines et al. (1993) considered a turbulent axisymmetric fountain formed by the
vertical upward injection of dense fluid from the base of a box into a relatively light
environment, as shown schematically in figure 2.1(d). Measurements of the turbulent
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Researcher(s) n Range of Fri Type of experiment
Lin & Linden (2005) 0 0.9 < Fri < 2.2 Impinging fountain
Baines et al. (1993) 1 1.2 < Fri < 26 Impinging fountain
Cardoso & Woods (1993) 2 0.3 < Fri < 1.3 Impinging plume
McDougall (1978) 2.2 0.4 < Fri < 1.2 Oscillating grid
Baines (1975) 3 0.1 < Fri < 1.5 Impinging plume
Fernando & Long (1983) 3.5 0.1 < Fri < 0.6 Oscillating grid
Table 2.1: Examples of the reported values of the exponent n in the entrainment law Ei ∝ Frni .
Depending on the type of experiment, Ei and Fri are defined using the velocity and length scales
at the interface of the plume/fountain with top-hat profiles, or of the mean motions induced by
an oscillating grid.
entrainment flux into the fountain from above a deepening lower layer (figure 2.1(d))
indicated that Ei ∝ Fr3i for Fri . 1.5. As the flow, pre-impingement, was negatively
buoyant we have referred to this type of experiment (table 2.1) as ‘impinging fountain’.
They challenge Kumagai’s (1984) constant-Ei result for Fri ≫ 1 and argue instead,
that in this limit Ei should increase linearly with Fri (for Fri & 1.5) given that the
momentum flux of the fountain driving the entrainment increases with Fri.
Several other contradictory entrainment laws have been proposed and discussed in
the existing literature. Lin & Linden (2005) considered the impingement of a turbulent
fountain on a steady density interface and found that Ei was approximately constant
at Ei = 0.65 for 0.9 . Fri . 2.2. The oscillating-grid experiments of McDougall (1978)
and Fernando & Long (1983) support the (conflicting) results that n = 2.2 and n = 3.5,
respectively; as these two studies give the entrainment rate in terms of an entrainment
velocity, we inferred the entrained volume flux from the product of this velocity and the
constant plan area of their visual tank so as to express their findings in the form of (2.1).
Direct numerical simulations of interfacial mixing have provided further insight into
the local characteristics of turbulence at the interface and the dominant entrainment
mechanism(s). However, they too have not arrived at the same value of n; Briggs et al.
(1998) find n ≈ 3, whereas Cortesi et al. (1999) report n = 2.
Evidently, several different approaches have been considered to parameterise the rate
of turbulent entrainment across an interface. In the pursuit of a universal relationship
that describes the dependence of Ei on Fri, the studies have given rise to conflicting
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power laws associated with a wide variation in the value of the exponent n, as highlighted
in table 2.1. Fernando (1991) concludes in his review on turbulent mixing in stratified
fluids that in this field of research, the entrainment law has arguably been the most
controversial of all topics and despite more than half a century of research as of 1955,
there is no general consensus on the exact form of (2.1). At the time of writing there
is still no consensus. Figure 2.2 plots the experimental data of Ei as a function of Fri
from Baines (1975), Kumagai (1984), Baines et al. (1993) and Lin & Linden (2005). The
conflicting entrainment laws are not altogether surprising given the significant amount
of scatter in the data, with the experimentally inferred values of Ei varying by up to
an order of magnitude for a given Fri.
In this chapter, we revisit the fundamental question: what is the law that governs the
rate of turbulent entrainment across a density interface? When this problem is examined
within the confines of a box or visual tank, as is necessary in laboratory experiments,
there is an inherent complex time-dependent coupling between the entrainment flux and
the development of the stratification; one exception being the steady experiments of Lin
& Linden (2005). To overcome this complexity, we consider theoretically the large-time
quasi-steady flow in an unconfined environment (hence our reference to ‘unconfined’
entrainment) that is induced, and maintained, by the impingement of a turbulent jet
on a sharp density interface separating two quiescent homogeneous fluid masses. With
a view to providing the theoretical basis for an entrainment law, in §2.2 we establish
a framework to analyse turbulent entrainment across the interface resulting from the
impingement of the jet. In §2.3, a model of small-Fri entrainment is developed and
an analytic power-law solution for Ei obtained. Analysing our predictions in §2.4, we
elucidate the fundamental physics underlying our small-Fri entrainment law. We then
present, in §2.5, a model of large-Fri entrainment. In §2.6, we classify the entrainment
dynamics into three distinct regimes, characterised by interfacial impingements that
may be regarded as weakly-, moderately- and highly-energetic. We show in §2.7 that
our entrainment law
Ei =

0.24Fr
2
i for Fri < 1.4,
0.42Fri for Fri > 3.8,
(2.3)
is in very good agreement with the extensive data sets of Kumagai (1984) for Fri . 1
and Baines et al. (1993) for Fri & 1. In §2.8, we draw our conclusions and discuss
extensions to our work, including entrainment across interfaces within the confines of
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a box. This extension forms the focus of chapter 3, wherein we unravel the effects of
box confinement on the dynamics of interfacial entrainment and show that in addition
to Fri, a second dimensionless quantity, namely a ‘confinement’ parameter, is necessary
to fully characterise the problem.
2.2 Theoretical framework
We examine the quasi-steady vertical downward transport of buoyant fluid across a
gravitationally stable, horizontal interface (at z = 0) separating two unconfined miscible
fluid masses of uniform densities ρ1 and ρ2 < ρ1. The primary transport mechanism is
turbulent entrainment, in which energy-containing eddies engulf and advect fluid across
the interface. The energetic eddying motions within a localised region of turbulent flow
above the interface result from the impingement of a vertically-forced, high-Reynolds-
number, (quasi-) steady, incompressible, axisymmetric jet of density ρjet = ρ1. At the
density interface, located a distance h above the jet source, the impinging jet has mean
radius bi and mean vertical velocity wi. The dynamics of turbulent entrainment across
the density interface are then governed primarily by the interfacial Froude number
Fri =
wi√
bi∆g′
, ∆g′ = g
∆ρ
ρ1
, ∆ρ = ρ1 − ρ2, (2.4)
which characterises the relative strengths of the destabilising inertial forcing associated
with the energy-containing eddies that drive the entrainment across the interface and
the buoyancy force that acts to stabilise the interface. We focus solely on small density
differences ∆ρ≪ ρ1 so that the Boussinesq approximation is valid. The only constraint
we place on h is that it far exceeds the vertical extent of the zone of flow establishment
(Lee & Chu, 2003) of the turbulent jet so that the jet may be regarded as fully developed
and self similar on impingement with the interface.
When ∆g′ is sufficiently large such that Fri is small (i.e. Fri . 1), we refer to the
impingement as ‘weakly-energetic’. Weakly-energetic impingements also result when h
is sufficiently large so that wi ∝ h−1 (Fischer et al., 1979) is small and bi ∝ h
is large. As dense fluid penetrates the interface, strong local buoyancy forces arrest its
upward motion, resulting in the formation of a shallow dome-like upwelling, as shown
schematically in figure 2.3(a). This behaviour and morphology of flow is confirmed by
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Figure 2.3: Schematic showing the morphology of the three flow regimes that we postulate
characterise turbulent entrainment across an interface driven by the localised impingement of
a jet from below: (a) small-Fri weakly-energetic impingement – in which entrainment into an
interfacial dome, atop the incident jet, is dominant; (b) intermediate-Fri moderately-energetic
impingement – in which a penetrating fountain entrains both laterally into its counterflow and
through its top; (c) large-Fri highly-energetic impingement – in which the fountain penetrates
a significant distance and lateral entrainment is dominant.
several experimental studies (Kumagai (1984); Shy (1995); Cotel & Breidenthal (1997);
Hunt & Coffey (2010)). Indeed, Hunt & Coffey’s (2010) shadowgraph images (figure
2.4(a)) and the images (figure 2.4(b)) from the experiments of Cotel et al. (1997) clearly
indicate the presence of impingement domes due to small-Fri jet-interface interaction.
Shy (1995) and Cotel & Breidenthal (1997) deduced from observations that external
fluid is turbulently entrained into the impingement dome by strong baroclinic vortices
around the periphery of the dome, and is then transported across the interface.
When ∆g′ is sufficiently small such that Fri is large (i.e. Fri ≫ 1), we refer to the
impingement as ‘highly-energetic’. The dense fluid carried upwards in the jet penetrates
a significant vertical distance (relative to bi) before retarding buoyancy forces reduce the
local vertical momentum flux driving the flow to zero. For Fri ≫ 1, Baines et al. (1993),
Lin & Linden (2005) and Ansong et al. (2008) identified that the flow above the interface
develops as a turbulent fountain comprised of an upflowing jet-like core shrouded by
a counterflowing plume-like perimeter. Indeed, the shadowgraph images (figure 2.4(c))
from the experiments of Baines et al. (1993) clearly indicate the formation of a fountain
due to large-Fri interfacial impingements. The region of flow reversal in the fountain,
characterised by a hemispherical cap, is referred to as the ‘fountain-top’ (figure 2.3(c)).
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Figure 2.4: (a) Shadowgraph image from Hunt & Coffey’s (2010) experiments shows a shallow
impingement dome resulting from small-Fri localised jet-interface interaction. (b) Image from
the experiments of Cotel et al. (1997) shows the presence of an impingement dome due to
small-Fri jet-interface interaction. (c) Shadowgraph image from the experiments of Baines et al.
(1993) shows a fully-penetrating dense turbulent fountain resulting from a large-Fri interfacial
impingement.
The fountain entrains fluid of density ρ2 both laterally into its counterflow and through
its top. The same basic time-averaged description of the morphology and entrainment
also applies to flows with intermediate interfacial Froude numbers that are the result of
‘moderately-energetic’ impingements (figure 2.3(b)).
2.2.1 Classifying turbulent entrainment across interfaces
We postulate that turbulent entrainment across a density interface resulting from the
localised impingement of a high-Reynolds-number jet can be classified into three distinct
regimes, as depicted in figure 2.3. For weakly-energetic impingements producing a
shallow penetration (figure 2.3(a)), the volume flux Qe entrained across the interface
is due solely to the entrainment flux Qtop into the interfacial dome atop the incident
jet, i.e. Qe = Qtop. For highly-energetic impingements producing a deep penetration
(figure 2.3(c)), the lateral entrainment flux Qlat into the counterflow is expected to be
large compared with the fountain-top entrainment flux Qtop, i.e. Qlat ≫ Qtop. For
moderately-energetic impingements (figure 2.3(b)), comparable contributions from Qlat
and Qtop are anticipated. Therefore, the total entrainment flux across the interface
Theoretical framework 54
can be partitioned as
Qe = Qtop +Qlat, (2.5)
where the lateral entrainment flux

Qlat = 0 for weakly-energetic impingements,
Qlat ≈ Qtop for moderately-energetic impingements,
Qlat ≫ Qtop for highly-energetic impingements.
(2.6)
In §2.6 we establish the range of Fri for which these three distinct regimes occur. An
insightful distinction between the two end-member regimes is that, for weakly-energetic
impingements the localised jet-interface interaction plays an instrumental role in the
local entrainment dynamics, whereas for highly-energetic impingements the interface
essentially becomes no more than a reference plane, across which we examine the steady
rate of transport of dense fluid.
2.2.2 Model development and assumptions
The dynamics of jet-interface interaction are complex. If one conceptualises the incident
jet as being composed of a series of large-scale vortical parcels (Shy, 1995), then the
localised impingement of a parcel causes a vertical upward displacement of the interface.
Although the two-layer fluid remains close to hydrostatic equilibrium, the ‘tilting’ of the
interface indicates that the surfaces of constant pressure and constant density are no
longer parallel. The resulting baroclinic torque, which generates vorticity in the opposite
sense to the incident vorticity of the impinging parcel, acts to restore the interface back
to the horizontal. Shy (1995) showed that the baroclinic vorticity reduces the incident
vorticity to zero in a characteristic eddy overturning time
T ∝ wi
∆g′
. (2.7)
The near continuous cycle of impacts of these large-scale vortical parcels produces
vertical oscillations of the density interface about its mean position, thus contributing
to the generation of interfacial gravity waves. As the wave period (∝
√
bi/∆g′) is
considerably larger than the time scale associated with jet-interface interaction, namely
the eddy overturning time T (2.7), Cotel & Kudo (2008) reported that these interfacial
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Figure 2.5: Schematic showing: (a) the impingement dome and interfacial gravity current at
some time t after (a weakly-energetic) impingement of the jet with the density interface and (b)
the large-time asymptotic (t → ∞) behaviour, characterised by a two-layer stratification and
impingement dome atop the incident jet. The jet source is a distance h below the interface.
gravity waves do not significantly influence the formation of, or entrainment into, the
impingement dome. As a consequence, we do not consider them further here. Although
we do not model the interfacial wave motions, energy losses that may be attributed to
the generation of these waves are accounted for (implicitly) in the local energy budget
for the dome (see §2.3.3). We note that
√
bi/∆g′ ≫ T is consistent with Fri ≪ 1 and
thus to jet-interface interaction.
For large-Fri flows, the local jet-interface interaction is relatively weak and fluid
within the jet penetrates a significant distance into the upper layer before collapsing.
In other words, as entrainment in not localised to the interface, disturbances on the
interface are expected to have a weak effect on the entrainment into the fountain and,
hence, on Qe. Moreover, as we consider an unconfined environment, interfacial waves
are not restricted by vertical boundaries, i.e. the waves propagate freely outwards.
In the region of impingement, the thickness of the density interface is controlled by
the balance between entrainment into the turbulent jet and diffusion (Kaye et al., 2010).
Neglecting the effects of diffusion, we assume that the interface is infinitesimally thin.
Notably, Cotel et al. (1997) identified that entrainment into the impingement dome was
largely unaffected by any local diffusion of the interface.
Fluid entrained from the upper layer spreads radially outwards as a gravity current
at the level of the interface, as depicted in figure 2.5(a). Given that we consider the flow
in an unconfined environment, the spreading of the current is not restricted by vertical
boundaries, as is a feature of the aforementioned experimental studies. By balancing
the horizontal pressure force driving the gravity current and the retarding inertial force,
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Figure 2.6: Schematic of the time-averaged small-Fri axisymmetric semi-ellipsoidal impinge-
ment dome resulting from a weakly-energetic jet-interface impingement.
Ansong et al. (2008) show that the depth of the current scales as dg ∼ t−1/2 and its
radius, measured from the centreline of the jet, scales as rg ∼ t3/4. If we take time t = 0
as the instant when the jet first impinges on the density interface, then at large times (i.e.
as t→∞) the current becomes infinitesimally thin, as depicted in figure 2.5(b). Fluid
transport is thereby across the interface. Herein, we consider the unconfined problem
in this asymptotic state, thereby allowing us to neglect the time evolution of a stratified
intermediate layer, as is considered in confined filling-box models (Kumagai (1984);
Cardoso & Woods (1993); Coffey & Hunt (2010)). We therefore assume the flow to
be quasi-steady so that ρ1, ρ2 and h are time-invariant. This enables us to focus our
attention solely on Qe, which is the quantity of primary interest in this chapter. After
determining Qe, in chapter 4 we employ our entrainment model to characterise the
time-dependent stratification established by plumes and jets in a confined environment.
Our model development is divided into two parts; we first examine small-Fri localised
entrainment in §2.3 before considering large-Fri penetrative entrainment in §2.5.
2.3 Theoretical model for small-Fri entrainment
Consider the quasi-steady small-Fri axisymmetric semi-ellipsoidal impingement dome
(figure 2.6), of radius bd and height zd, maintained by a turbulent jet of local radius bi
and density ρ1 > ρ2 at the interface (z = 0). In our time-averaged conceptualisation,
the volume flux Qe of buoyant fluid turbulently entrained into the dome from the upper
layer is transported across the interface through an annular region of width (bd − bi).
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2.3.1 Conservation equations
Inspired by the long history of simplified models of turbulent jets and plumes, and
indeed in the absence of data to support or justify a more complex variation, top-hat
profiles are adopted for the vertical velocity wi across the jet at the interface (i.e. for
0 ≤ r ≤ bi, r = 0 denoting the vertical axis of the jet) and for the vertical downward
velocity w`d < 0 across the annulus (bi ≤ r ≤ bd). Assuming an incompressible flow,
conservation of volume for the impingement dome requires
pib2iwi +Qe = pi(b
2
d − b2i )wd, (2.8)
where wd = |w`d|. Reassuringly, we show (§2.4.2) that the choice of the velocity profile
for the jet does not influence the scaling of Qe. Shy (1995) observed that mixing between
the light fluid entrained from the upper layer and the dense jet fluid primarily occurs
in a relatively thin layer (∼ 0.1bi) of strong vorticity at the periphery of the dome (cf.
figure 2.7). Moreover, for small-Fri flows, we will see (figure 2.9) that pib
2
iwi ≫ Qe, i.e.
fluid added to the dome mainly originates from the jet of density ρ1. Thus, fluid within
the dome predominantly experiences a buoyancy ∆g′ (2.4). Denoting the density of the
outflow through the annulus as ρd, conservation of vertical momentum for the dome
then requires
piρ1b
2
iw
2
i + piρd(b
2
d − b2i )w2d =
2pi
3
b2dzdρ1∆g
′, (2.9)
where the first and second terms are the fluxes of momentum into and out of the dome,
respectively, and the right-hand side is the (downward) buoyancy force acting on the
dense fluid within the dome of volume (2pi/3)b2dzd. Substituting for wd from (2.8) into
(2.9) gives
E2i + 2Ei =
2
3k4
zˆ5d
Fr2i
− 2
3k2
zˆ3d
Fr2i
− 1
k2
zˆ2d , (2.10)
for Boussinesq flows, where
Ei =
Qe
pib2iwi
, zˆd =
zd
bi
, k =
zd
bd
, (2.11)
are the dimensionless entrainment flux, the dimensionless penetration depth and the
aspect ratio of the dome, respectively. The relationship between these quantities and
the interfacial Froude number Fri will be further developed in §2.3.3, §2.3.4 and §2.4.3.
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Figure 2.7: Schematic showing the modelled vortex layer (shaded area) of the dome.
2.3.2 Entrainment mechanism for the dome
To close the problem, it is necessary to describe the mechanism by which external fluid
of density ρ2 is turbulently entrained into the impingement dome.
A key distinction may be drawn between the entrainment processes resulting from
the localised interfacial impingement of discrete finite-volume flows (e.g. the vortex rings
considered by Linden (1973)) and continuous-flux flows (e.g. our steady jet). Discrete
turbulent motions, such as vortex rings and thermals, form an ephemeral impingement
dome at the interface. Linden (1973) argued that, upon impingement, the kinetic energy
of the vortex ring is first converted into potential energy which is stored temporarily in
the distorted interface. As the interface recoils, the stored potential energy is released
providing energy for the rebounding vortex ring to entrain buoyant fluid.
In contrast, the localised impingement of a steady turbulent jet with an interface
gives rise to a perpetual impingement dome (figure 2.6). Cotel et al. (1997) identified
that, owing to the stationarity of the dome, the entrainment process resulting from
jet-interface interaction is fundamentally different to the recoil mechanism postulated
for a discrete vortex ring. Based on experimental observations, they concluded that
the interaction between the incident vorticity within the jet and the baroclinic vorticity
generated at the interface, due to its tilting, results in the formation of strong persistent
vortices within a relatively thin layer around the perimeter of the impingement dome
(see their figure 2). This is consistent with Shy’s (1995) observations. Making several
rotations whilst remaining almost stationary in space, these baroclinic vortices are
predominantly responsible for turbulent entrainment of external fluid into the dome
(Cotel & Breidenthal, 1997). Accordingly, in developing a mechanistic description of
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the entrainment, we model the region of strong vorticity at the periphery of the dome
as a finite-thickness ‘vortex’ layer whose outermost boundary is the dome perimeter
r = bp(z), as depicted in figure 2.7 (the subscript ‘p’ reading ‘at the perimeter’). In
response to the sustained localised vertical forcing of the density interface by the
impinging jet, of horizontal length scale bi, baroclinic vorticity is generated locally at a
(quasi-) steady rate (Batchelor, 1967)
‖∇ρ×∇P‖
ρ21
∝ (∆ρ/bi)(ρ2g)
ρ21
=
ρ2
ρ1
∆g′
bi
, (2.12)
where P denotes pressure. This (quasi-) steady generation of vorticity maintains the
rotational motions within the vortex layer that drive entrainment of fluid into the dome.
Furthermore, as these baroclinic vortices result from jet-interface interaction, their size
is determined primarily by the length scale (∝ bi) of the largest vortical parcels within
the impinging jet (Shy, 1995). Therefore, at some height z within the vortex layer, a
baroclinic vortex that engulfs external fluid at velocity ue has mean circulation Γ ∝ uebi
and vorticity (i.e. circulation per unit area of the vortex)
|Ω| ∝ Γ
b2i
∝ ue
bi
, (2.13)
where the modulus ensures that the turbulent entrainment is always into the dome. In
our time-averaged picture, the mean vorticity Ω is assumed to vary smoothly over the
vertical extent 0 ≤ z ≤ zd of the vortex layer. In other words, at any height within
the vortex layer, the characteristic vorticity Ω(z) is regarded as being determined by
averaging temporally over the turbulent fluctuations associated with the entrainment
process. This is consistent with adopting top-hat profiles for the impinging jet (§2.3.1).
Neglecting the effects of viscosity and in the absence of vortex stretching, the vertical
component of the steady vorticity equation for the vortex layer is then (Batchelor, 1967)
w`v
dΩ
dz
=
(∇ρ×∇P )z
ρ21
, (2.14)
where w`v is the mean vertical downward velocity within the vortex layer and the
right-hand side is the z-component of the baroclinic torque. To estimate the volume
flux Qe of buoyant external fluid turbulently entrained into the dome, we seek the
mean entrainment velocity ue(z). Therefore, under the Boussinesq approximation, we
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Figure 2.8: Schematic showing the streamlines of the mean flow into the dome.
relate the steady production of baroclinic vorticity (2.14) to the resulting entrainment
velocity (2.13). Taking the constants of proportionality in (2.12) and (2.13) as c1 and
c2, respectively, the vertical rate of change of ue is, from (2.14),
due
dz
=
c1
c2
∆g′
w`v
. (2.15)
Within the upper layer, a weak flow towards the dome, as indicated in figure 2.8, will be
induced as a consequence of entrainment. Within the dome, some dense fluid originating
from the incident jet will reach the top of the dome before reversing direction (figure 2.8).
Notably, the velocity is zero at S, the stagnation point with coordinates (z = zd, r = 0),
and accelerations within the dome are proportional to ∆g′ where ∆g′/g = ∆ρ/ρ1 ≪ 1
for Boussinesq flows. Therefore, assuming that fluid pressures vary hydrostatically and
that the surfaces of constant pressure are horizontal, application of Bernoulli’s theorem
along a streamline within the vortex layer from a point near the top to a height z (cf.
streamline R in figure 2.7(b)) gives
u2v + w
2
v = 2∆g
′(zd − z), (2.16)
where uv denotes the horizontal velocity within the vortex layer and wv = |w`v |. We note
from (2.15) that due/dz < 0 (as w`v < 0, {c1, c2,∆g′} > 0) and hence, the entrainment
velocity ue increases monotonically from the stagnation point S to yield its maximum
value at the interface (z = 0). Moreover, the dome radius bp increases from zero at the
stagnation point S to a maximum value at z = 0. Therefore, the largest contributions
to Qe ∝ bpue are realised near the interface. As the flow is close to vertical here,
we assume that u2v/w
2
v ≪ 1, thereby capturing the dominant velocity component in the
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region where entrainment is most dominant. This approximation considerably simplifies
the analysis, whilst having little effect on the final solution (neglecting u2v reduces our
estimate of Qe by less than 2%). We substitute for wv (2.16) into (2.15) and integrate
with respect to z. Noting that there is no entrainment into the dome at the stagnation
point S, that is ue = 0 at z = zd, we obtain
ue(z) = αdwv(z), αd = c1/c2 = const., (2.17)
i.e. the mean horizontal inflow velocity ue(z) across the boundary between the turbulent
flow and the external environment is proportional to the local time-averaged vertical
velocity wv(z) at the dome’s periphery. This is consistent with the classic entrainment
hypothesis of Morton et al. (1956). Accordingly, the constant of proportionality αd in
(2.17) is an entrainment coefficient. An appropriate value of αd for the downward flow
near the dome perimeter is αd = 0.1 (Turner, 1986). Notably, we will see that the
exponent n in our entrainment law Ei ∝ Frni is independent of αd and that Ei ∝ αd. At
very small Fri (. 0.1), entrainment of fluid from the upper layer is primarily driven by
local Kelvin-Helmholtz instabilities and the horizontal shear generated by the gravity
current propagating below the interface (Ching et al., 1993); as we do not account
for these processes, our model may break down in this limit. For 0.1 . Fri . 1,
entrainment is primarily driven by local energy-containing eddies that engulf external
fluid (Linden (1973); Fernando (1991)); therefore we expect our model, based on an
engulfment mechanism, to capture well the essentials of the entrainment process in this
range of interfacial Froude numbers.
As we will now see, this mechanism provides a simple yet effective starting point for
quantifying Qe. The total volume flux entrained from the upper layer into the dome is
Qe =
∫ zd
0
2pibp(z)ue(z) dz = 2piαd
∫ zd
0
bp(z)wv(z) dz. (2.18)
The dome perimeter is the semi-ellipse:
b2p(z)
b2d
+
z2
z2d
= 1, for z ≥ 0. (2.19)
Substituting for bp(z) (2.19) and wv(z) (2.16) into (2.18), and scaling Qe on pib
2
iwi gives
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the dimensionless entrainment flux across the interface as
Ei =
Qe
pib2iwi
= C
zˆ
5/2
d
kFri
, C =
4αd
√
2
15
(
8
√
2− 7
)
. (2.20)
As dissipative losses associated with the turbulent interaction at the boundary between
the dome and the upper layer have been ignored in the derivation of wv (2.16), Ei (2.20)
represents an upper-bound solution. Having obtained a second independent equation
(2.20) relating Ei to the three other dimensionless variables in the problem, namely
Fri, zˆd and k, we now combine the conservation equations (2.10) with our mechanistic
entrainment model (2.20). Substituting for k from (2.20) into (2.10) yields the cubic
in Ei:
2E3i − Ei
{
3C2zˆ2d + 2C
2 zˆ
3
d
Fr2i
+ 3C4
zˆ5d
Fr2i
}
− 6C4 zˆ
5
d
Fr2i
= 0. (2.21)
2.3.3 Penetration depth of the impingement dome
To complete our solution we require the variation of zˆd = zd/bi with Fri. Given that
the penetration of dense fluid and localised entrainment are driven primarily by the
kinetic energy of the turbulent motions at the interface (Linden, 1973), we proceed by
examining the local energetics.
Taking the datum for potential energy as the level (z = 0) of the undisturbed
interface, the total flux of (solely kinetic) energy Ei supplied by the jet to the dome
and the flux of energy Ed leaving the dome owing to the outflow through the annulus
at z = 0 are, respectively,
Ei =
pi
2
ρ1b
2
iw
3
i , Ed =
pi
2
ρd
(
b2d − b2i
)
w3d. (2.22)
Upon impingement with the density interface, some of the energy channelled in the
turbulent jet is dissipated due primarily to viscous effects, the formation of the dome
and in the generation of interfacial gravity waves. For a turbulent plume with Gaussian
profiles, Cardoso & Woods (1993) found that the flux of energy dissipated is a constant
fraction FG = 0.5 (the subscript ‘G’ denoting Gaussian profiles) of the kinetic energy
flux supplied at the interface. Accordingly, if a fraction F of the energy flux Ei supplied
by the impinging jet is dissipated, the flux of energy remaining is (1−F)Ei. For top-hat
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profiles F = 1/3 (see Appendix 2.A). This available energy is predominantly consumed
by the peripheral baroclinic vortices in doing work, at a rate We, to turbulently entrain
buoyant fluid into the dome. As a consequence of this entrainment, the dome receives a
continuous supply of potential energy at a rate Ee. Assuming that the velocity induced
in the upper layer is small compared with wi, we neglect the kinetic energy entrained.
Thus, conservation of energy for the dome requires
(1− F)Ei + Ee = Ed + We. (2.23)
The flux of potential energy entrained into the dome is
Ee =
∫ zd
0
2piρ2bpue∆g
′z dz = Dρ2∆g′zdQe, D = 22
7
√
2
(√
2− 8/11
8
√
2− 7
)
. (2.24)
For convenience, in (2.24) the potential energy (per unit volume) of a fluid parcel in the
upper layer (density ρ2) is calculated relative to the potential energy (per unit volume)
of a fluid parcel in the lower layer (density ρ1), that is we consider reduced potential
energies that scale with ∆g′. Given that Qe = Qd −Qi (2.8), where Qd = pi(b2d − b2i )wd
and Qi = pib
2
iwi, substituting for Ei, Ed (2.22) and Ee (2.24) into the energy conservation
equation (2.23) yields
Qi
{
(1− F) w
2
i
2
−D∆g′zd
}
= Qd
{
w2d
2
+
We
ρ1Qd
−D∆g′zd
}
, (2.25)
for Boussinesq flows. The left-hand side of (2.25) describes, for the penetrating upward
flow, the conversion of the supplied kinetic energy into potential energy within the dome;
the expression within the parenthesis is synonymous with the Bernoulli equation. The
right-hand side of (2.25) describes, for the downward flow, the conversion of potential
energy, gained from the work done in entrainment, into kinetic energy of the outflow
from the dome. Drawing an analogy with Bernoulli’s theorem, we seek a solution to
(2.25) of the form
Qi
{
(1− F) w
2
i
2
−D∆g′zd
}
= Qd
{
w2d
2
+
We
ρ1Qd
−D∆g′zd
}
= const. (2.26)
As there is no penetration (zd = 0) into the upper layer when the kinetic energy supplied
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by the jet is zero (w2i = 0), (2.26) gives the penetration depth of the dome as
zˆd =
zd
bi
= BFr2i , B =
1
3D ≈ 0.94. (2.27)
From (2.27), we note that zˆd is independent of αd, a result one would expect on physical
grounds. The zˆd ∝ Fr2i relationship derived is consistent with previous experimental
results and theoretical arguments for interfacial domes (Linden (1973); Ching et al.
(1993); Shy (1995); Cotel et al. (1997)). Moreover, this scaling is evident on considering
the relevant velocity and time scales. We recall (§2.2.2) that the baroclinic vorticity
reduces the incident vorticity of an impinging eddy to zero in a time scale T ∝ wi/∆g′
(2.7). Thus, the eddy attains a height zd ∝ wiT, i.e. zd/bi ∝ Fr2i .
2.3.4 Theoretical solution for Ei
With the problem fully closed, we substitute for zˆd (2.27) into (2.21). This yields a
cubic in the dimensionless entrainment flux Ei as a function solely of Fri:
E3i − a1Ei − a2 = 0, (2.28)
with coefficients
a1 =
3
2
C2B2Fr4i
(
1 +
2
3
B + C2B3Fr4i
)
, a2 = 3C
4B5Fr8i . (2.29a, b)
This cubic has only one positive root given by
Ei =
{
a2
2
+
√(a2
2
)2
−
(a1
3
)3}1/3
+
{
a2
2
−
√(a2
2
)2
−
(a1
3
)3}1/3
. (2.30)
For small Fri, a two-step procedure reduces (2.30) to a simple power law that closely
approximates the full analytic solution. First, given C ≈ 0.16 (2.20) and B ≈ 0.94
(2.27), we find that the third term within the parenthesis of (2.29a) is sufficiently small
compared with 2B/3 such that it may be neglected when Fri ≪ (2/(3C2B2))1/4 ≈ 2.3.
Second, upon examining the relative magnitudes of the two terms ((a2/2)
2, (a1/3)
3)
within the square-root in (2.30), we find that
(a2/2)
2
(a1/3)3
=
27a2
2
4a3
1
≪ 1 for Fri ≪
(
1 + 2B/3
18C2B4
)1/4
≈ 1.4. (2.31)
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Figure 2.9: Small-Fri entrainment law. Turbulent entrainment flux Ei across the interface as
a function of the interfacial Froude number Fri. The solid line is our full analytic solution (2.30)
and the dashed line is our approximate power law Ei = 0.24Fr
2
i (2.33).
Restricting our attention to Fri ≪ 1.4, we may simplify the analytic solution (2.30) to
Ei = R
{√
a1
3
(
i1/3 + (−i)1/3
)}
,

i
1/3 = {−i, (
√
3 + i)/2, (−
√
3 + i)/2},
(−i)1/3 = {i, (−
√
3− i)/2, (
√
3− i)/2},
(2.32)
where i =
√−1. The only solutions for i1/3 and (−i)1/3 that yield real, positive values
of Ei are i
1/3 = (
√
3 + i)/2 and (−i)1/3 = (√3− i)/2. Therefore, from (2.32),
Ei = AFr
2
i , A = BC
√
B +
3
2
≈ 0.24, for Fri ≪ 1.4. (2.33)
Thus, our solution for Ei is in the form of the entrainment law Ei = AFr
n
i (2.1) proposed
by Turner (1968), with an exponent of n = 2.
2.4 Analysis of model predictions for small-Fri flows
2.4.1 An entrainment law
Figure 2.9 plots the full analytic solution (2.30). Also plotted is the power-law Ei = AFr
2
i
(2.33) approximation to this. Evidently, the quadratic power law closely approximates
the full solution for Fri . 1; note that the two solutions are graphically indistinguishable
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for Fri . 0.7. Although the power law diverges from the full solution for Fri > 1, the
difference between the two solutions remains less than 10% at Fri = 1.4. Indeed, we
will see in §2.4.3 that ‘small-Fri’ flows are realised for Fri < 1.4.
Our quadratic result Ei ∝ Fr2i is in accordance with several previous investigations
(Linden (1975); Cardoso & Woods (1993); Ching et al. (1993)) and also a significant
subset of Kumagai’s (1984) experimental measurements (see figure 2.16 where this data
is replotted). Notably, Kumagai reports that 0.1 < A < 0.25 and Zilitinkevich (1991)
illustrates in his review that 0.1 . A . 0.3. Therefore, our value of A = 0.24 is also
well supported. In §2.7, we show that our small-Fri entrainment law (2.33) agrees very
well with Kumagai’s measurements. Given that C ∼ αd (2.20), a reduction in the
entrainment coefficient αd of 15% from αd = 0.1 to αd = 0.085 (which is towards the
lower-end of the reported values of αd (Kaye & Hunt, 2006)) decreases A from A ≈ 0.24
to A ≈ 0.2 (2.33). Crucially, as Ei ∼ αd (2.33), the functional form of our entrainment
law remains unchanged. Similarly, Ei is not highly sensitive to changes in the energy
loss coefficient F (see Appendix 2.A).
2.4.2 The mechanics of our small-Fri entrainment law
We now elucidate the dominant physics at the heart of our quadratic entrainment law by
presenting complementary scaling arguments based on the jet-interface interaction. In a
baroclinic eddy overturning time scale T (2.7), the impinging jet supplies a mass ρ1QiT
of turbulent fluid, with mean vertical velocity wi, causing a vertical upward deflection
of the interface. Local baroclinic vortices, formed due to the tilting of the interface,
extract a fraction of the kinetic energy supplied by the jet, a supply which scales as
KEi ∼ ρ1QiTw2i . (2.34)
Given that the flow under consideration is steady, in the same time scale T the extracted
energy is expended by the vortices in doing work to entrain a mass ρ2QeT of fluid from
the upper layer against the buoyancy contrast ∆g′, and over a distance proportional to
the length scale of interfacial turbulence, bi. Thus, the work done in the entrainment
process scales as
We ∼ ρ2QeT∆g′bi. (2.35)
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Figure 2.10: Kinetic energy flux (1 − F)E˜i available for entrainment (solid line), work rate
for entrainment W˜e (dashed-dotted line) and flux of energy E˜e entrained into the dome (dashed
line) as a function of Fri.
Invoking a work-energy balance (We ∝ KEi) yields, for Boussinesq flows,
Qe
b2iwi
∼ w
2
i
bi∆g′
= Fr2i , (2.36)
which is consistent with our entrainment law (2.33). Thus, the Ei ∝ Fr2i relationship
captures an inherent local energy balance between the energy supplied at the interface
by the impinging jet and the energy expended in the entrainment process. Therefore,
the entrainment rate increases as the supply of energy increases relative to the energy
required for downward transport of buoyant fluid.
To illustrate the aforementioned work-energy balance (We ∝ KEi), we examine the
actual magnitudes of the dimensionless flux of kinetic energy (1− F) E˜i = (1− F)Ei/Esc
made available and the dimensionless work rate for entrainment W˜e = We/Esc (the
subscript ‘sc’ reading ‘scale’). Here, the energy flux scale Esc = piρ1b
2
iw
3
i /2Fr
3
i is formed
by taking the velocity scale as
√
∆g′bi and the length scale as bi. It is also insightful
to consider the dimensionless energy flux E˜e = Ee/Esc entrained into the dome. From
(2.22), (2.23) and (2.24), the dimensionless energy fluxes are
(1− F) E˜i = 2
3
Fr3i , E˜e =
2
3
EiFr
3
i , E˜d =
(
b2d
b2i
− 1
)
w3d
w3i
Fr3i , (2.37)
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Figure 2.11: Work rate for entrainment W˜e against (available) kinetic energy flux (1− F)E˜i.
and the non-dimensional work rate for entrainment is
W˜e = (1− F)E˜i + E˜e − E˜d, (2.38)
where E˜d = Ed/Esc. To plot these energy fluxes, we evaluate wd/wi using (2.9) and
bd/bi from (bd/zd)(zd/bi) = BFr
2
i /k, where k is calculated from (2.20).
Figure 2.10 plots (1 − F)E˜i, E˜e and W˜e (2.37) as a function of Fri. Evidently, the
majority of the (available) kinetic energy is expended in doing work to entrain buoyant
external fluid into the dome. However, the gain in energy flux E˜e within the dome, as a
result of the entrainment, is relatively small for Fri ≪ 1 as E˜e ∝ Fr5i (2.37). Plotting W˜e
against (1−F)E˜i in figure 2.11, we find that the work rate for entrainment scales linearly
on the kinetic energy flux supplied, following W˜e ≈ 0.46(1 − F)E˜i. This is in accord
with our scaling arguments (2.36) based on a work-energy balance. Therefore, just under
one-half of the available kinetic energy is consumed in the entrainment process.
2.4.3 Classifying small-Fri entrainment
The range of Fri that may be regarded as ‘small’ is evident upon examining the aspect
ratio k = zd/bd of the impingement dome. Using the full solution (2.30) for Ei in (2.20),
we plot the variation of k with Fri in figure 2.12. Evidently, k ≪ 1 for Fri ≪ 1 and,
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Figure 2.12: Aspect ratio k = zd/bd of the impingement dome as a function of the interfacial
Froude number Fri. The dashed lines show that k = 1 (i.e. the dome is a perfect hemisphere)
when Fri = 1.381 ≈ 1.4.
hence, these impingements produce no more than a shallow penetration, resulting in
flat, relatively wide domes. Notably, domes of comparable width and penetration depth
(k ∼ 1) result when the rise velocity of the dense fluid entering the upper layer exceeds
the opposing buoyancy-induced velocity, i.e. for Fri > 1.
For sufficiently energetic impingements, the jet penetrates as a dense fountain whose
aspect ratio exceeds unity, i.e. k > 1 (Baines et al., 1993). Moreover, as highly-forced
fountains (Fri ≫ 1) exhibit a jet-like behaviour over a majority of their rise height
(Turner (1966); Kaye & Hunt (2006)), k ≫ 1. Following these arguments, we regard
k = 1 as marking the transition from a flow characterised by an impingement dome
(k < 1, shallow penetration) to a flow described by a fountain (k > 1, deep penetration).
Accordingly, from figure 2.12, small-Fri flows are realised for Fri < 1.4.
2.5 Theoretical model for large-Fri entrainment
When Fri > 1.4, the interfacial impingement is assumed to be sufficiently energetic
that the jet develops as a fully-penetrating turbulent fountain in the upper layer. Indeed,
Baines et al. (1993) and Lin & Linden (2005) confirm that at relatively large Fri (& 1.5),
the interfacial impingement of a vertically-forced shear flow gives rise to a penetrating
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Figure 2.13: Schematic and notation for the time-averaged turbulent fountain which forms in
the upper layer for moderately- or highly-energetic (i.e. Fri > 1.4) interfacial impingements. The
fountain is characterised by three regions: (i) an upflow, (ii) fountain-top and (iii) counterflow.
The entrainment flux across the interface is the sum of the fountain-top (Qtop) and lateral (Qlat)
entrainment fluxes. In our model, the total fountain width 2bc is assumed constant with height.
fountain (see, for example, the shadowgraph image shown in figure 2.4(c)).
We model the turbulent fountain by considering three flow regions (figure 2.13) that
characterise its behaviour: (i) a negatively-buoyant upflowing jet-like core of density
ρu(z) > ρ2, (ii) a fountain-top where the flow reverses direction and (iii) an annular
negatively-buoyant counter-flowing plume-like flow of density ρc(z) > ρ2 (the non-
italicised subscripts ‘u’ and ‘c’ denoting ‘upflow’ and ‘counterflow’, respectively). Within
the upflow and counterflow, top-hat profiles are adopted to describe the time-averaged
horizontal variation of vertical velocities, wu and w`c < 0, and buoyancies
g′u = g
(
ρu − ρ2
ρ1
)
, g′c = g
(
ρc − ρ2
ρ1
)
. (2.39)
At the lateral boundary between the fountain and the upper layer, large-scale eddies
turbulently engulf external fluid into the counterflow, giving rise to a lateral entrainment
fluxQlat. Turbulent entrainment also maintains a continuous exchange of fluxes between
the two counterflowing streams. Following Bloomfield & Kerr (2000), we assume that
the upward (wu) and downward (w`c) velocities drive entrainment into the upflow and
counterflow, respectively. Given that the dense upflowing core exhibits jet-like behaviour
(wu ≫ |w`c| for a significant fraction of the upflow’s rise height zu, figure 2.13), it is
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reasonable to neglect the entrainment of fluid from the upflow into the counterflow.
This assumption, which considerably simplifies the analysis, is also consistent with the
results of direct numerical simulations of forced fountains performed by Williamson et al.
(2011). However, as the supply of dense fluid to the counterflow is reduced (by neglecting
entrainment from the upflow), our model is likely to underestimate the density ρc of the
counterflow, i.e. the upflow becomes shrouded by a lighter counterflow, thus giving rise
to lower-bound solutions for zu and, as a consequence, Qlat. In addition, guided by the
observations of Turner (1966) and the detailed measurements of Mizushina et al. (1982),
we assume that the total fountain width 2bc remains constant with height. Based on
these assumptions, we now develop a theoretical model of the penetrating fountain to
predict, for Fri > 1.4, the turbulent entrainment flux Qe across the interface and its
components, the lateral (Qlat) and fountain-top (Qtop) entrainment fluxes.
2.5.1 Upflowing jet core
The fluxes of volume, momentum and buoyancy that are entrained per unit height into
the upflow are 2pibuueu, 2piρcbuw`cueu and 2pibuueug
′
c, respectively. Here bu is the upflow
radius and ueu the entrainment velocity. Following classic plume theory of Morton et al.
(1956) (see §1.2 for a review of their work), conservation of volume flux (pib2uwu), specific
momentum flux (pib2uw
2
u) and buoyancy flux (pib
2
uwug
′
u) for the upflow require
d
dz
(pib2uwu) = 2pibu(αuwu),
d
dz
(pib2uw
2
u) = −pib2ug′u − 2pibuwc(αuwu), (2.40)
d
dz
(pib2uwug
′
u) = 2pibug
′
c(αuwu), (2.41)
where αu = ueu/wu is the top-hat entrainment coefficient for the upflowing jet core and
wc = |w`c|. A detailed derivation of (2.40) and (2.41) is presented in Appendix 2.B.
Herein, we take αu = 0.07 (Fischer et al., 1979). Scaling quantities of interest on their
values at the interface (i.e. the ‘source’ of the penetrating fountain), for the upflow we
seek the vertical variation of its dimensionless radius βu, dimensionless vertical velocity
ωu and local Froude number Fru. Accordingly, we introduce
βu =
bu
bi
, ωu =
wu
wi
, Fru =
wu√
bug′u
, ζ =
6αu
5
z
bi
. (2.42)
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The vertical coordinate z is scaled on 5bi/(6αu) so that in the absence of a counterflow,
we recover the non-dimensional conservation equations of Kaye & Hunt (2006). For
the counterflow the dimensionless radius βc, dimensionless vertical velocity ωc and local
Froude number Frc are
βc =
bc
bi
, ωc =
wc
wi
, Frc =
wc√
bag′c
, (2.43)
where ba =
√
b2c − b2u is the characteristic width of the annulus (the subscript ‘a’ reading
‘annulus’). In dimensionless form the conservation equations, (2.40) and (2.41), become
dqu
dζ
=
5
3
βuωu,
dmu
dζ
= − 5
6αu
βuω
2
u
Fr2u
− 5
3
βuωuωc,
dfu
dζ
=
5
3
Fr2i
Fr2c
βuωuω
2
c√
(β2c − β2u)
, (2.44)
where the dimensionless fluxes of volume qu, momentum mu and buoyancy fu are
qu = β
2
uωu, mu = β
2
uω
2
u, fu = Fr
2
iω
3
uβu/Fr
2
u. (2.45)
Differentiating βu = qu/m
1/2
u , ωu = mu/qu and Fru = Frim
5/4
u /(quf
1/2
u ) gives
dβu
dζ
=
1
βuωu
dqu
dζ
− 1
2
1
βuω2u
dmu
dζ
,
dωu
dζ
=
1
β2uωu
dmu
dζ
− 1
β2u
dqu
dζ
, (2.46)
dFru
dζ
=
5
4
Fru
β2uω
2
u
dmu
dζ
− Fru
β2uωu
dqu
dζ
− 1
2
Fr3u
Fr2i
1
βuω3u
dfu
dζ
. (2.47)
Finally, upon substituting (2.44) and (2.45) into (2.46) and (2.47), the non-dimensional
governing equations for the upflow take the form
dβu
dζ
=
5
3
(
1 +
1
4αu
1
Fr2u
)
+ I1,
dωu
dζ
= −5
3
ωu
βu
(
1 +
1
2αu
1
Fr2u
)
+ I2, (2.48)
dFru
dζ
= −5
3
Fru
βu
(
1 +
5
8αu
1
Fr2u
)
+ I3, (2.49)
where the ‘interaction’ terms
I1 =
5
6
ωc
ωu
, I2 = −5
3
ωc
βu
, I3 = −5
3
Fru
βu
ωc
ωu
(
5
4
+
1
2
ωcβuFr
2
u
ωuβaFr
2
c
)
(2.50)
account for entrainment into the upflow and into the counterflow. In the absence of a
counterflow I1 = I2 = I3 = 0 and thus, (2.48) and (2.49) reduce to the classic plume
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equations (albeit with negative buoyancy). The starting (source) conditions for the
upflow are
βu(ζ = 0) = 1, ωu(ζ = 0) = 1, Fru(ζ = 0) = Fri. (2.51)
2.5.2 Flow reversal region – fountain-top
Dense fluid, depleted of its (source) momentum flux, reverses direction near the top of
the fountain. Notably, as the opposing buoyancy force is dominant in this region of flow
reversal, the local buoyancy velocity exceeds the upflow velocity, that is
√
g′ubu > wu.
We recall, from §2.4.3, that the interfacial dome atop the impinging jet (figure 2.3(a))
takes the form of a perfect hemisphere (k = 1) when Fri ≈ 1.4 (figure 2.12). Akin to an
interfacial dome, the top of the penetrating fountain (cf. figure 2.3(c)) is characterised
by a buoyancy-dominated cap-like structure into which external fluid is turbulently
entrained. Drawing on these physical similarities, we model the flow reversal region as
a hemispherical dome (the fountain-top), forming at a height z = zu where the upflow
Froude number takes a local value Fru = Frut = 1.4 (the non-italicised subscript ‘t’
signifying the fountain-top). Following the conservation arguments for the interfacial
dome developed in §2.3.1, conservation of volume and of vertical momentum for the
fountain-top, of width and height bt, require
pib2utwut+Qtop = pi(b
2
t−b2ut)wt, piρutb2utw2ut+piρt(b2t−b2ut)w2t =
2pi
3
ρutg
′
utb
3
t , (2.52a, b)
where but, wut, ρut and g
′
ut are the radius, vertical velocity, density and buoyancy,
respectively, of the upflow at z = zu and wt the magnitude of the vertical velocity
of the outflow from the fountain-top. Substituting for w2t from (2.52a) into (2.52b)
and writing g′ut = w
2
ut/(butFr
2
ut) from (2.42) yields a polynomial in the dimensionless
fountain-top radius βt = bt/bi:
2β5t
Fr2utβ
5
ut
− 2β
3
t
Fr2utβ
3
ut
− 3β
2
t
β2ut
− 3Eut(Eut + 2) = 0, Eut = Qtop
pib2utwut
, (2.53)
where βut = but/bi. The fountain-top entrainment flux Eut is determined by Frut. Given
that Ei = 0.525 when Fri = 1.4 (2.30), we take Eut = 0.525 for Frut = 1.4. As lateral
entrainment is dominant at large Fri, the choice of Frut has a relatively minor influence
on the total entrainment flux Ei in this regime. Our model is relatively insensitive to
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the choice of Frut, even at low Fri. For example, decreasing Frut = 1.4 to Frut = 1.2
results in a less than 7% reduction in Ei for Fri > 4 (large Fri); for 1.4 < Fri < 4, where
fountain-top entrainment provides a significant contribution to the total entrainment
flux Ei, the reduction in Ei is no greater than 15%.
The dimensionless vertical velocity of the outflow from the fountain-top is, from
(2.52b),
ωt =
wt
wi
= ωut
{
2β3t − 3β3utFr2ut
3βutFr
2
ut(β
2
t − β2ut)
}1/2
. (2.54)
The key differences between our new fountain model and the model of Bloomfield & Kerr
(2000) are that we characterise the region of flow reversal and account for fountain-top
entrainment, whereas these intrinsic features of a turbulent penetrating fountain are not
considered by Bloomfield & Kerr (2000).
2.5.3 Counterflow
To complete our model, it is necessary to describe the counterflow. Following the plume
theory of Morton et al. (1956), conservation of volume for the counterflow requires
d
dz∗
[pi(b2c − b2u)wc] = 2pibc(αcwc)− 2pibu(αuwu), (2.55)
where z∗ (= zu − z) is the vertical downward coordinate whose origin is at the base of
the fountain-top (figure 2.13) and αc is the entrainment coefficient for the counterflow.
A detailed derivation of (2.55) is presented in Appendix 2.B. Numerical simulations
performed by Williamson et al. (2011) suggest 0.1 < αc < 0.2. Treating the counterflow
as a line plume, Bloomfield & Kerr (2000) choose αc = 0.147. Herein, we take αc = 0.15,
the mid-value of the range of Williamson et al. (2011). Mizushina et al. (1982) found
that the total fountain width, 2bc, is approximately constant with height. Accordingly,
we non-dimensionalise (2.55) and invoke the simplifying assumption that dbc/dz = 0 to
obtain the vertical rate of change ωc as
dωc
dζ∗
=
5
3 (β2c − β2u)
{
αc
αu
βcωc − βuωu + 6
5
βuωc
dβu
dζ∗
}
, βc(ζ
∗) = βt, (2.56)
where ζ∗ = (6αu/5)z
∗/bi. The starting condition for (2.56) is ωc(ζ
∗ = 0) = ωt, with the
dimensionless vertical velocity ωt at the start of the counterflow given by (2.54).
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Finally, at a height z∗, conservation of buoyancy flux over the total width 2bc of the
fountain requires (see Appendix 2.B for a detailed derivation)
pi(b2c − b2u)wcg′c = pib2uwug′u, i.e. Frc = Fru
{
ω3c
√
β2t − β2u
ω3uβu
}1/2
. (2.57)
Solutions for Ei were obtained using an iterative procedure. First, in the absence of a
counterflow (I1 = I2 = I3 = 0), the upflow equations, (2.48) and (2.49), were solved
using a fourth-order Runga-Kutta finite-difference scheme. This gave the radius βut
and vertical velocity ωut of the upflow at height ζ = ζu, where Fru = 1.4. The width βc
(2.53) and starting vertical velocity ωt (2.54) of the counterflow were then calculated.
The counterflow equations, (2.56) and (2.57), were solved to obtain ωc(ζ
∗) and Frc(ζ
∗).
These values of βc, ωc and Frc were used in the next numerical integration of the upflow
equations. This procedure was repeated until Ei converged to a fixed value. The total
entrainment flux Ei and its two components, namely the fountain-top Ei,top = Qtop/Qi
and lateral Ei,lat = Qlat/Qi entrainment fluxes, were determined from
Ei = Ei,top + Ei,lat, Ei,top = Eutβ
2
utωut, Ei,lat =
5
3
αc
αu
∫ ζu
0
βcωc dζ
∗. (2.58)
2.6 Theoretical predictions and analysis of results
Figure 2.14 plots the full predicted variation of Ei with Fri encompassing the dynamics
of the three regimes we identify (small-, intermediate- and large-Fri). For Fri < 1.4, Ei
is given by the analytic solution (2.30) for the entrainment flux into the impingement
dome atop the incident jet; in this small-Fri regime, Ei ∝ Fr2i (2.33). For Fri ≥ 1.4,
Ei is obtained from our fountain model of §2.5. A curve of best fit to our numerical
solution (figure 2.17) reveals that
Ei = AFri, A ≈ 0.42, for Fri > 3.8. (2.59)
Therefore, for large-Fri flows, our solution for Ei is in the form of the entrainment law
Ei = AFr
n
i (2.1) proposed by Turner (1968), with an exponent of n = 1. Notably, this
linear power law for Fri ≫ 1 is consistent with the results of Baines et al. (1993) and,
thus, supports their argument (§2.1) that Ei should increase monotonically with Fri.
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Figure 2.14: Entrainment flux Ei (solid line) as a function of the interfacial Froude number
Fri. For Fri < 1.4, Ei is given by (2.30) and for Fri > 1.4, Ei is obtained by numerically solving
(2.48) and (2.49). The vertical dotted lines mark the boundaries between the three entrainment
regimes. The dashed lines are the lateral and fountain-top entrainment fluxes, Ei,lat and Ei,top,
where Ei = Ei,top + Ei,lat.
2.6.1 Relative contributions of top and lateral entrainment
To assist with the interpretation of the (three) entrainment regimes, figure 2.14 plots the
components Ei,top and Ei,lat (2.58) that comprise Ei. Weakly-energetic impingements
which occur for 0 < Fri < 1.4 produce no more than a shallow penetration (k < 1, figure
2.12). Accordingly, the only contribution to Ei is from the entrainment flux Ei,top into
the interfacial dome atop the incident jet, i.e. Ei = Ei,top ∝ Fr2i , as indicated in the
region to the left of the first vertical line in figure 2.14.
Highly-energetic interfacial impingements produce a deep penetration (k > 1). The
lateral entrainment flux Ei,lat into the counterflow of the penetrating fountain is large
compared with the fountain-top entrainment flux Ei,top, that is Ei,lat ≫ Ei,top. As
Ei,lat = Ei,top at Fri = 3.8 (figure 2.14), the large-Fri regime occurs for Fri > 3.8 (region
to the right of the second vertical line).
Moderately-energetic interfacial impingements, realised for 1.4 ≤ Fri ≤ 3.8 (the
interval bounded by the two vertical lines), give rise to an intermediate regime in
which the dominance of fountain-top entrainment wanes with increasing Fri as lateral
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Figure 2.15: Entrainment flux ratios, Ei,top/Ei and Ei,lat/Ei, as a function of the interfacial
Froude number Fri. The inset shows the same plot for 0 < Fri ≤ 6 to highlight the dynamics of
the three entrainment regimes (small, intermediate and large Fri).
entrainment plays an increasingly active role.
It is informative to examine the relative contributions of Ei,top and Ei,lat to the total
entrainment flux Ei. Indeed, a result that may not have been anticipated a priori is
revealed upon plotting Ei,top/Ei and Ei,lat/Ei against Fri (figure 2.15). As Fri → ∞,
the entrainment flux ratios asymptote to the constant values
Ei,top
Ei
≈ 0.2 and Ei,lat
Ei
≈ 0.8, (2.60)
i.e. in the high-Fri limit, approximately 20% of the entrainment is via the fountain-top
and 80% laterally. In this limit, one may regard the fully-penetrating fountain as being
globally ‘self-similar’, or exhibiting self-preserving behaviour, with respect to Fri. The
inset of figure 2.15 shows a magnified view of the same plot to illustrate that Ei,top/Ei
and Ei,lat/Ei vary rapidly for intermediate values of Fri, before gradually approaching
their constant values at large Fri. Furthermore, the inset highlights the dominance of
Ei,top in the small-Fri regime, the comparable contributions of Ei,top and Ei,lat in the
intermediate-Fri regime and the dominance of Ei,lat in the large-Fri regime. This is in
accord with the classification (§2.2.1) we postulated for entrainment across interfaces.
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Figure 2.16: Turbulent entrainment flux Ei across the interface as a function of the interfacial
Froude number Fri: comparison of our theoretical solution (solid line) with the experimental data
from figure 2.2. Symbols as in figure 2.2.
2.7 Comparison of predictions with experimental data
Figure 2.16 plots our theoretical solution for the dimensionless entrainment flux Ei(Fri)
together with the existing experimental data from figure 2.2. Evidently, the predictions
of our impingement dome model show very good agreement with the extensive data set
of Kumagai (1984), thus affirming our theoretical result for small Fri (< 1.4), namely
that the entrainment flux Ei scales on the square of Fri. Furthermore, our solutions
support the argument of Cardoso & Woods (1993) that Kumagai’s data follows a power
law of the form Ei ∝ Fr2i for Fri . 1. Contrary to Kumagai’s empirical model (2.2),
our solution indicates that Ei does not asymptote to a constant value for Fri ≫ 1, but
rather scales linearly on Fri, following Ei = 0.42Fri for Fri > 3.8 (figure 2.17). Notably,
Kumagai (1984) and Lin & Linden (2005) deduced their large-Fri constant-Ei result
from a somewhat limited number of data points that span a relatively narrow range of
Fri (1 . Fri . 3). Arguably, the general trend for Fri ≫ 1 is better represented by the
comprehensive data set of Baines et al. (1993) spanning 0.3 . Fri . 26. The predictions
of our fountain model show good agreement with this data (figure 2.16), thus affirming
our theoretical result for large Fri, namely that Ei scales linearly on Fri. As anticipated
based on our assumptions (§2.5), the fountain model marginally underpredicts Ei.
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Figure 2.17: Power-law approximations to the full solution (solid line): dashed line is the power
law Ei = 0.24Fr
2
i (2.33) and the dashed-dotted line is the best fit curve Ei = 0.42Fri (2.59) to
our fountain model for Fri > 3.8. Dotted lines indicate the regime boundaries.
In the experiments of Baines et al. (1993), bulk vertical motions were imposed on
the environment. For small Fri, the vertical velocity of the fountain at the interface was
comparable with the velocity in the environment. As a consequence, the imposed flow
in the environment is likely to have influenced Ei in the small-Fri regime. By contrast,
the environment we consider has no such motion imposed; this key difference possibly
explains why our predictions disagree with the data of Baines et al. (1993) for small Fri.
Kumagai’s experiments were performed in the absence of imposed vertical motions in
the environment and our predictions agree well with his data. In chapter 3, we unravel
the effects of background secondary flows in a confined environment on Ei.
In essence, vorticity drives entrainment across the interface and the power law that
governs this process is determined by whether the vorticity is generated predominantly
by baroclinic torque or by vertical shear. Plotting our power law approximations (2.3)
and the full solution for Ei in figure 2.17, we conclude that: (a) the quadratic power law
Ei = 0.24Fr
2
i governs localised entrainment driven by baroclinic vortices around the
periphery of an interfacial dome, and (b) the linear power law Ei = 0.42Fri governs
penetrative entrainment driven by shear-induced engulfment into a fountain. Therefore,
our mathematical model provides the analytical basis for, and elucidates the dominant
physics governing, the linear (n = 1) and quadratic (n = 2) entrainment laws.
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2.8 Conclusions
The law governing the rate of turbulent entrainment across a stable density interface
has been at the centre of a fascinating debate. Revisiting this fundamental problem,
we examined theoretically the flow in an unconfined environment that is induced, and
maintained, by the localised impingement of a steady turbulent jet on a sharp interface
separating two quiescent homogeneous fluid masses. Practical complexities associated
with the inherent time-dependent coupling between the resulting entrainment flux across
the interface and the development of a stratified intermediate layer were overcome by
examining the large-time asymptotic state of the unconfined flow. This enabled us to
deduce the dependence of the dimensionless entrainment flux Ei across the interface on
the interfacial Froude number Fri.
For small-Fri flows (Fri < 1.4), characterised by a semi-ellipsoidal interfacial dome
atop the impinging jet, the entrainment flux Ei is governed by a quadratic power law
Ei ∝ Fr2i . For large-Fri flows (Fri > 3.8), characterised by a fully-penetrating turbulent
fountain, the entrainment flux is governed by a linear power law Ei ∝ Fri. The solutions
obtained (2.3) are in very good agreement with existing experimental data, thus lending
support to the application of our entrainment models in engineering, the atmospheric
sciences and oceanography (cf. the applications discussed in chapter 1).
The work in this chapter offers a simple framework for analysing, by means of
tractable mathematical models, the complex problem of turbulent entrainment across
a density interface due to the localised impingement of a shear flow (e.g. jet, plume or
fountain). Undeniably, the representation of turbulence, necessary to close the problem
mathematically, sits at the heart of this framework. Mechanistic arguments based on
small-Fri jet-interface interaction revealed that the essentials of turbulent entrainment
in this regime are captured by a constant entrainment coefficient αd (a ratio of the
inflow velocity into the interfacial dome at a given height to the local vertical velocity
near the dome perimeter). Whilst this parameterisation is consistent with the widely
applied entrainment closure model of Morton et al. (1956), the question of what is the
most appropriate value of αd remains open. Given that our aim was a pragmatic one
of determining the dependence of Ei on Fri, it is heartening that the exponent n in
our entrainment law Ei ∝ Frni is independent of αd. Notably, n is also not influenced
by the velocity profile adopted for the impinging jet. From experimental and practical
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viewpoints, it is encouraging, whilst perhaps fortuitous, that Ei is only weakly sensitive
to αd and that good agreement between our model and existing data is achieved with
the commonly adopted value of αd = 0.1. Arguably, more sophisticated closure models
may provide further insight into the entrainment process.
The dynamics have been classified into three regimes (small, intermediate and large
Fri). The predicted sharp transition in Ei between the small-Fri and intermediate-Fri
regimes is not anticipated in practice. To better capture the dynamics of this transition,
a model of the evolution from an interfacial dome to a penetrating fountain is required.
Whilst the values of Fri that we have established as the regime boundaries depend on the
entrainment coefficients chosen, our classification may provide an informative starting
point for future experimental and numerical work. Finally, when the two-layer system
considered is confined to a box or visual tank, interfacial entrainment may be influenced
by secondary flows in the environment. This forms the focus of the investigation in the
following chapter, where we reveal the effects of confinement on the entrainment flux.
2.A Appendix 2.A. Energy flux dissipated at the interface
A steady self-similar turbulent incompressible axisymmetric jet, of density ρ1, with top-
hat velocity profiles impinging on a density interface (at z = 0) supplies mean kinetic
energy flux Ei = piρ1b
2
iw
3
i /2. Following Cardoso & Woods (1993), if a constant fraction
F of Ei is dissipated, the flux of energy remaining is (1−F)Ei. On physical grounds, the
magnitude of the energy flux available for interfacial entrainment must be independent
of the velocity profile adopted for the jet. Thus, the top-hat and Gaussian energy fluxes
available after dissipation must be equal in magnitude, i.e.
(1− F) pi
2
b2iw
3
i = (1− FG)
pi
6
b2i,Gw
3
i,G, (2.A.1)
for Boussinesq flows, where the right-hand side is the energy flux supplied by a jet with
Gaussian profiles and FG = 0.5 (Cardoso & Woods, 1993). In (2.A.1), wi,G is the centre
line vertical velocity of an impinging jet with Gaussian profiles and bi,G is its width at the
radial location where the vertical velocity reduces to 1/e of wi,G. Similarly, equating the
top-hat and Gaussian fluxes of volume and momentum gives bi =
√
2bi,G and wi = wi,G/2.
Substituting these expressions into (2.A.1) yields F = 1/3.
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Figure 2.18: Control volumes (shaded regions) considered for (a) upflow and (b) counterflow
of the fully-penetrating large-Fri axisymmetric fountain.
It is instructive to examine the sensitivity of the entrainment flux to changes in F.
We recall from §2.3.4 that F only influences the scaling factor A in our entrainment law
Ei = AFr
n
i . Given that C ≈ 0.16 (2.20) and B ≈ (1− F)/0.708 (2.27), from (2.33)
A ∼ 0.226(1 − F)
√
1.41(1 − F) + 1.5. (2.A.2)
Cardoso & Woods (1993) found from their experiments that 0.4 ≤ FG ≤ 0.6, which
corresponds to 0.2 . F . 0.47. Thus, a 10% change in FG = 0.5 results in A varying
in the range 0.18 . A . 0.29 (2.A.2). These values of A are still in good agreement
with the range of values reported by Zilitinkevich (1991) (0.1 . A . 0.3) and Kumagai
(1984) (0.1 . A . 0.25). Hence, Ei is not highly sensitive to changes in F.
2.B Appendix 2.B. Conservation equations for the fountain
To obtain the conservation equations for the upflow of a large-Fri quasi-steady turbulent
axisymmetric fountain, consider control volume U shown in figure 2.18(a). Assuming
an incompressible flow, conservation of volume for this control volume requires
[
pib2uwu
]
z
+ 2pibuueuδz =
[
pib2uwu
]
z+δz
, (2.B.1)
where the first term is the volume flux entering control volume U at height z, the
second term the volume flux entrained from the counterflow into the upflow and the
right-hand side the volume flux exiting the control volume at z + δz. Given that the
fluxes of momentum (piρub
2
uw
2
u) entering and exiting control volume U at z and z + δz
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are positive in the positive z-direction, conservation of vertical momentum requires
[
piρub
2
uw
2
u
]
z+δz
− [piρub2uw2u]z − (2piρcbuueuδz)w`c = −(pib2uδzρu)g′u, (2.B.2)
where the third term is the flux of downward momentum entrained from the counterflow
into the upflow, and the right-hand side quantifies the (downward) buoyancy force acting
on the upflow. Similarly, noting that the buoyancy fluxes (pib2uwug
′
u) entering and exiting
control volume U at z and z + δz are negative, conservation of buoyancy requires
− [pib2uwug′u]z − (2pibuueuδz)g′c = − [pib2uwug′u]z+δz , (2.B.3)
where the second term is the negative buoyancy flux entrained from the counterflow into
the upflow. We parameterise the entrainment velocity ueu using the classic entrainment
hypothesis of Morton et al. (1956), yielding ueu = αuwu, and invoke the Boussinesq
approximation. Upon dividing (2.B.1), (2.B.2) and (2.B.3) by δz and taking the limit
as δz → 0, we obtain the conservation equations, (2.40) and (2.41), for the upflow.
To obtain the conservation equations for the counterflow, consider control volume C
shown in figure 2.18(b). With respect to the vertical downward coordinate z∗ (= zu−z),
whose origin is at the base of the fountain-top (figure 2.13), the vertical velocity of the
counterflow and the buoyancies of the upflow and counterflow are positive. Accordingly,
conservation of volume for control volume C requires
[
pi(b2c − b2u)wc
]
z∗
+ 2pibcuecδz
∗ =
[
pi(b2c − b2u)wc
]
z∗+δz∗
+ 2pibuueuδz
∗, (2.B.4)
where the second term on the left-hand side is the volume flux of ambient fluid (of density
ρ2) entrained into the counterflow, the second term on the right-hand side is the volume
flux entrained from the counterflow into the upflow and uec is the entrainment velocity
into the counterflow. Similarly, conservation of buoyancy for control volume C requires
[
pi(b2c − b2u)wcg′c
]
z∗
=
[
pi(b2c − b2u)wcg′c
]
z∗+δz∗
+ (2pibuueuδz
∗)g′c, (2.B.5)
where the second term quantifies the buoyancy flux entrained from the counterflow into
the upflow. Expressing (2.B.4) in differential form (δz∗ → 0) yields the vertical rate
of change of the volume flux (2.55) within the counterflow. Finally, subtracting (2.B.5)
from (2.B.3) yields the buoyancy conservation equation (2.57) for the counterflow.
3Confined turbulent entrainment
across density interfaces
Having examined turbulent entrainment across a density interface in an unconfined
environment, our focus now turns to the dynamics of this classic transport phenomenon
in a confined fluid. Historically, the bulk of the insight into interfacial entrainment has
stemmed from laboratory modelling, wherein the stratified ambient fluid, the impinging
jet, plume or fountain and thus the entrainment across an interface are, by necessity,
within the confines of a transparent box or visual tank. Therefore, for any experimental
study to be conducted with confidence, or any numerical simulations for that matter,
it is imperative for the researcher to possess a firm grasp of the effects of confinement
on interfacial entrainment. However, in pursuit of a universal law for the entrainment
flux across an interface, the role of confinement imposed by the physical boundaries of a
box has been overlooked, thus resulting in a dearth of information on this fundamental
feature of the problem. It is disconcerting that previous experiments have given rise to
significant scatter in the measurements of the entrainment flux Ei and that the physical
reason for the scatter remains unknown. This raises the question of whether, in the
absence of an appreciation of the role of confinement, future experimental studies may
further contribute to the existing scatter and, in so doing, fuel the debate over the form
of the entrainment law Ei ∝ Frni . Thus far, we have unravelled the physical basis for the
linear and quadratic entrainment laws and, thereby, addressed the long-standing open
question regarding the dependence of Ei on the interfacial Froude number Fri. It is now
of immediate interest to bridge the remaining gaps in the field, gaps which pertain to the
influence of confinement on interfacial entrainment, the reasons why nominally identical
experiments (cf. the experiments of Baines (1975) and Kumagai (1984)) give rise to an
order of magnitude difference in Ei for a given Fri, and the origins of the cubic power
law (Ei ∝ Fr3i ). This chapter sheds new light on these key aspects of the problem.
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3.1 Introduction
We theoretically examine the problem of ‘confined’ interfacial entrainment, that is the
turbulent downward transport of buoyant fluid across a gravitationally stable horizontal
density interface separating two uniform fluid masses within the confines of a box. The
last five decades have witnessed an extensive series of experimental investigations in
which turbulent entrainment across density interfaces is examined, by necessity, within
the confines of a transparent box or visual tank. The rate of interfacial entrainment has
historically been parameterised solely in terms of quantities local to the interface (Turner
(1968); Baines (1975)). However, in the pursuit of a universal entrainment law, the effects
of confinement (i.e. the role of the box) on the dynamics of interfacial entrainment have
not, to our knowledge, been examined explicitly until now. By unravelling the role of
confinement, we herein challenge the notion of a universal entrainment law. Indeed, we
deduce that the role of the box may be sufficient to explain the spread in measured
entrainment rates from quadratic to cubic power laws.
From both experimental and theoretical viewpoints, it is appealing to investigate the
classic transport phenomenon of interfacial entrainment (Fernando, 1991) in a state of
(quasi-) steady equilibrium. To this end, we consider the steady two-layer stratification
established by a turbulent plume and a turbulent fountain in a box that connects to
an external unbounded quiescent environment via an opening at the top. Figure 3.1(a)
depicts the configuration we consider. The localised sources which give rise to the plume
and the fountain are located at the base of the box and are sufficiently well separated
so that the resulting plume and fountain are considered to be non-interacting. In the
context of our study, the plume is essentially an artefact for enabling a buoyant upper
layer of constant depth to be maintained. The impingement of the fountain with the
interface, which separates the resulting upper layer from the fluid below (the lower
layer), creates and sustains a localised turbulent region of energetic eddying motions
that drive entrainment of fluid from the upper layer into the lower layer. In other words,
the plume establishes the two-layer stratification and the fountain provides the source
of turbulence at the interface. As the flow, pre-impingement, is negatively-buoyant
relative to the lower layer we refer to it as an impinging fountain. The appeal of this
quasi-steady configuration is due to the steadiness eliminating the inherent complex
time-dependent coupling between the entrainment flux across the interface and the
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Figure 3.1: Schematics show turbulent entrainment across an interface separating two layers
of densities ρ1 (lower) and ρ2 < ρ1 (upper). A volume flux Qe is entrained from the upper layer
into the lower layer. (a) Layers confined within a box, as considered in this chapter. The plume
maintains the upper layer, the impinging fountain drives interfacial entrainment and a steady
flow through a top opening into an external ambient is established. (b) The unconfined case,
shown here with an impinging jet driving interfacial entrainment (cf. chapter 2).
evolution of a stratified intermediate layer. The main question we address is how does
the confinement imposed by the physical boundaries of the box influence the rate of
interfacial entrainment?
Our motivation to consider the role of confinement has been fuelled by the significant
scatter in measurements of the rate of entrainment. Pertinently, Coffey & Hunt (2010)
highlight that the underlying physical reason for this scatter remains unknown and, as
nominally identical experimental configurations (e.g. jet/plume/fountain impingement)
and techniques have been used to induce and measure the rate of entrainment across
an interface, the scatter cannot be explained by experimental variabilities or systematic
errors alone. Moreover, conflicting entrainment laws that stem from the existing data
currently shroud the understanding of the problem, thereby casting doubts on the most
appropriate empirical entrainment model for application in the atmospheric sciences,
engineering flows or oceanography, where entrainment across interfaces is ubiquitous.
Many of these applications are discussed in detail in chapter 1.
At this stage, it is instructive to recap the key results obtained thus far. Seeking to
quantify the volume fluxQe entrained across a density interface, in chapter 2 we analysed
the large-time quasi-steady flow in an unconfined environment that is induced, and
maintained, by the impingement of a turbulent jet on an interface separating two layers
of uniform densities ρ1 and ρ2 < ρ1 (figure 3.1(b)). For the high-Reynolds-number and
high-Pe`clet-number flows of interest, we showed that the dimensionless entrainment flux
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Figure 3.2: Dimensionless entrainment flux Ei against the interfacial Froude number Fri. Our
solution (solid line) from chapter 2 is compared with experimental data from previous studies.
Ei = Qe/(pib
2
iwi) is governed solely by the interfacial Froude number Fri = wi/
√
bi∆g′,
a quantity which characterises the relative strengths of the inertial forcing associated
with the energy-containing eddies that drive interfacial entrainment and the buoyancy
force that acts to stabilise the interface. Here, bi and wi denote the characteristic length
scale and velocity scale at the interface (the radius and vertical velocity of the jet at
the interface, respectively) and ∆g′ the buoyancy step in the environment across the
interface. We showed that Ei ∝ Fr2i for small Fri and Ei ∝ Fri for large Fri.
To aid the following discussion and for rapid reference, figure 3.2 replots our solution
for this unconfined entrainment model together with the experimental data from Baines
(1975), Kumagai (1984), Baines et al. (1993) and Lin & Linden (2005). These studies
measured interfacial entrainment driven by the impingement of a plume (Baines (1975);
Kumagai (1984)) or a fountain (Baines et al. (1993); Lin & Linden (2005)). A detailed
review of previous studies is given in §2.1. Despite our idealisation of an unconfined
two-layer system, the general trends of the data are well captured by our model (figure
3.2). However, it is immediately evident that both the individual and collective data
sets exhibit a significant spread with experimental values of Ei differing by up to an
order of magnitude for a given Fri. Undeniably, these disparities compound the inherent
challenges and uncertainties experimentalists face when pursuing an entrainment law of
the form Ei ∝ Frni . Owing to the complexities associated with an experimental approach,
there is a wide variation in the reported values of n, which include n = 0 (Lin & Linden,
Introduction 88
Figure 3.3: (a) Schematic showing the configuration considered by Ching et al. (1993), in which
a turbulent line plume impinges on a density interface within a box. (b) Vertical profile of the
dimensionless horizontal velocity u/wi in the environment measured by Ching et al. (1993).
2005), n = 1 (Baines et al., 1993), n = 2 (Cardoso & Woods (1993); Ching et al. (1993))
and n = 3 (Baines (1975); Coffey & Hunt (2010)). Without understanding the physical
reason(s) for the scatter in the data, future experimental studies may face difficulties in
arriving at the same value of n. Although it is heartening that our model (chapter 2)
elucidates the dominant physics at the heart of the linear (n = 1) and quadratic (n = 2)
power laws, the physical basis for the cubic (n = 3) power law remains unascertained.
Box confinement is an ineliminable feature of all the aforementioned experiments and
the disparities between the reported entrainment laws are irrefutable. This raises the
pertinent question of whether interfacial entrainment and confinement are inextricably
intertwined – confinement leading to secondary flows in the environment and secondary
flows, in turn, influencing measurements of the entrainment flux. Jirka & Harleman
(1979) demonstrated that turbulent jets and plumes in a confined uniform fluid of finite
depth induce a clearly defined flow pattern – a momentum jet forming circulation cells,
and a buoyant plume forming a gravity current and a horizontal return flow. Ching
et al. (1993) studied the interaction of a turbulent line plume with the density interface
of a two-layer fluid within the confines of a box whose width W far exceeded its height
H (figure 3.3(a)). Subsequent to its impingement with the interface, the plume formed
an interfacial gravity current. Akin to the experiments of Jirka & Harleman (1979),
they identified that horizontal secondary flows prevailed in the confined environment.
Jirka & Harleman (1979) reported that entrainment into a jet/plume is influenced by
secondary flows and thus, it is entirely conceivable that secondary flows in a confined
two-layer system influence or modify interfacial entrainment or its measurement.
Introduction 89
Ching et al. (1993) tracked the motion of dye lines to infer the velocities in the upper
and lower layers. Figure 3.3(b) shows a vertical profile of the horizontal velocity u in
the ambient measured by Ching et al. (1993). A flow in the upper layer, towards the
interfacial dome atop the plume, occurs by virtue of two independent mechanisms, which
we now discuss in turn. First, the plume impingement gives rise to a perpetual cycle of
vertical excursions of the density interface (Ching et al., 1993) and the surplus potential
energy that becomes available, as a result of the interfacial deflections, is converted into
kinetic energy that drives a flow in the environment. This available potential energy
is stored in the horizontal density gradients that manifest when the interface deflects.
Hence, analogies may be drawn between the flow produced by interfacial deflections and
the flow which occurs when a vertical barrier separating a dense fluid from a relatively
light fluid is removed. Entrainment into the interfacial dome and the requirement for
volume conservation is the second mechanism by which a flow is induced in the upper
layer. If we ignore the flow produced by interfacial deflections and consider just the mean
velocity uin of the flow induced by entrainment, continuity across a vertical section of
the upper layer, of depth D, requires Qe = uinWD , that is
uin
wi
= Ei
ai
WD
, (3.1)
where ai is the area of the localised impingement region. Typically, ai is a small fraction
of the box cross-sectional area; we note that ai/WD < 0.1 for the experiments of Ching
et al. (1993). Moreover, given that Ei ≪ 1 for small-Fri entrainment (figure 3.2), the
flow induced by interfacial entrainment is weak, i.e. uin/wi ≪ 1. However, figure 3.3(b)
indicates that the velocity in the upper layer can be up to 30% of wi. We therefore expect
that these relatively large velocities are primarily attributed to the flow produced by the
vertical excursions of the interface. Hereinafter, we refer to the flow induced solely by
the interfacial deflections as the ‘secondary flow’.
Herein, by considering the steady two-layer stratification established by a plume and
a fountain in a box, we determine the influence of confinement on interfacial entrainment
and establish what the term ‘confinement’ signifies dynamically. In §3.2, we develop a
theoretical model of interfacial entrainment in the presence of a steady secondary flow
induced and maintained by vertical excursions of the interface. Crucially, we reveal that
besides Fri, Ei is dependent on a second dimensionless quantity, namely a ‘confinement’
parameter λi, which characterises the length scale of interfacial turbulence relative to
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the upper layer depth, so that in general Ei = Ei(Fri, λi). Analysing the predictions
of our model in §3.3, we establish that a secondary flow always prevails in a confined
environment, i.e. for λi > 0. Thus, the role of confinement is captured via the influence
of the secondary flow on Ei. For small λi, we establish that the secondary flow is weak
and has little on influence on Ei. Hence, we regard interfacial entrainment in this regime
as weakly-confined. By contrast, Ei is significantly influenced by a strong secondary
flow when λi is sufficiently large and, hence, we regard interfacial entrainment in this
regime as strongly-confined. In these limits, the scaling of Ei on Fri is distinct, giving
Ei ∝

Fr
2
i for λi ≪ 0.16Fr−2i ,
Fr3i for λi ≫ 0.16Fr−2i .
(3.2)
Our theory thereby offers a reason as to why some data sets support a cubic power law
whilst others follow a quadratic power law. Deducing where possible the values of λi for
previous experiments, we highlight underlying physical reasons for the significant scatter
in the existing measurements of the entrainment flux. Drawing on our predictions, we
explore the implications of our results for guiding appropriate selection of box geometry
for experimentally and numerically examining interfacial entrainment. Finally, we draw
our conclusions in §3.4.
3.2 Theoretical model of confined interfacial entrainment
Based on the experimental observations of Jirka & Harleman (1979) and Ching et al.
(1993), we hypothesise that secondary flows induced by the deflections of the interface
within the confines of a box may influence or modify the dynamics of entrainment across
a density interface. In order to investigate this hypothesis, we relax the condition of an
unconfined environment and extend our model (from chapter 2) to describe interfacial
entrainment within a box of internal height H and plan area S. The interior of the
box connects to an unbounded quiescent ambient of uniform density ρa via an opening
of area at at the top, figure 3.4. At the base of the box (z´ = 0), a continuous point
source of constant buoyancy flux BP gives rise to a turbulent axisymmetric pure plume
and the continuous vertically-forced upward injection of relatively dense fluid from a
circular area source (of radius bf0), with constant fluxes of volume Qf0, momentum Mf0
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Figure 3.4: Schematic showing the steady two-layer stratification established by a turbulent
fountain (LHS) and a turbulent pure plume (RHS) with sources at the base (z = 0) of a box of
height H . The steady density interface is at height z = h.
and buoyancy Bf0 < 0, produces a turbulent axisymmetric fountain. The two sources
are sufficiently well separated so that the resulting plume and fountain are regarded as
non-interacting. As confirmed in the experiments of Lin & Linden (2005), these sources
establish two buoyant layers, separated by a steady interface at height z´ = h, as depicted
in figure 3.4. The boundaries of the box are purely a physical constraint and there are no
buoyancy exchanges between them and the fluid. Our system is a direct analogue of the
experiments of Lin & Linden (2005) and of numerous others (§2.1) that have examined
entrainment across interfaces by using saline releases in water to create density contrasts.
At steady state, the fluxes of volume and buoyancy supplied via the two sources are
exactly matched by the corresponding fluxes driven, by the buoyant layers, out through
the top opening. We assume that the flow through the opening remains unidirectional.
Hunt & Coffey (2010) showed that a Froude number Frt associated with the flow through
the top opening characterises the direction of flow and to achieve a unidirectional outflow
requires Frt > 0.33. This requirement places formal restrictions on the range of possible
dimensionless opening areas at/H
2, as discussed in Hunt & Coffey (2010).
Our model is underpinned by the three key facets of interfacial entrainment noted by
Turner (1986), namely, the dynamics of the energy source driving the entrainment, the
mechanism by which fluid is turbulently entrained across the interface and the influence
of the energy source on the environment. We now consider each of these in turn. First,
energy for interfacial entrainment is channelled to the density interface via the fountain,
the dynamics of which are well described by existing models (see the annual review on
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turbulent fountains by Hunt & Burridge (2015)). Second, the entrainment mechanism is
attributed to the engulfment of fluid by baroclinic vortices around the periphery of the
impingement dome atop the impinging fountain. In §2.3.2, we carefully constructed a
mechanistic description of this process and showed that, much as for plume entrainment,
the entrainment velocity is proportional to a local vertical velocity. The third facet of
the problem, namely that which pertains to the fountain-interface interaction and its
influence on the confined two-layer stratification, has received little attention. Notably,
we will see (§3.2.2, §3.3) that fountain-interface interaction plays an instrumental role
in the dynamics of confined interfacial entrainment.
The system we consider (figure 3.4) is similar to the experimental arrangement of
Lin & Linden (2005). For a laboratory experiment, our system would be inverted with
saline solution injected downwards, from a localised source, into a box of fresh water to
generate a dense plume and by supplying fresh water downwards at the fountain source
to produce a fountain in the steady state. For the Boussinesq flows of concern here, this
reversal of direction of the buoyancy force is unimportant to the dynamics, apart from
reversing the sense of motion. Following Lin & Linden (2005), we assume that the layers
are of uniform density. Accordingly, the mean buoyancies
g′1 = g
(
ρa − ρ1
ρa
)
and g′2 = g
(
ρa − ρ2
ρa
)
(3.3)
are assigned to the lower layer of density ρ1 and the upper layer of density ρ2, respectively.
The measurements of Lin & Linden (2005) showed that this is a very good assumption
for the upper layer. Turbulent fluctuations associated with the entrainment flux across
the interface give rise to weak density gradients adjacent to the interface. However, the
gradients are confined in a relatively thin transitional region (∼ 0.1H) and so to a first
approximation we assume two uniform layers.
Entrainment of fluid from the upper layer into the lower layer is driven by energetic
eddying motions contained within a localised region of turbulent flow above the interface
(shown as a dome in figure 3.4) resulting from the impingement of the fountain. The
morphology and dynamics of this turbulent flow are governed primarily by the interfacial
Froude number Fri = wi/
√
bi∆g′, where wi and bi are the mean vertical velocity and the
mean radius, respectively, of the fountain at the interface (z´ = h) and ∆g′ = g′2 − g′1. Our
attention is centred around weakly-energetic impingements that give rise to a shallow
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interfacial dome. Accordingly, following our classification (§2.2.1) of entrainment across
interfaces, we shall restrict our model to Fri < 1.4. A volume flux Qe of buoyant fluid is
turbulently entrained from the upper layer into the dome by strong baroclinic vortices
around the periphery of the dome. The entrained fluid is transported downwards across
the interface via an annular region. Our model development is divided into two parts.
In §3.2.1, we relate Qe to the interface position (z´ = h) and the layer buoyancies (g′1, g′2)
by considering conservation arguments for the buoyant layers. In §3.2.2 and §3.2.3, we
seek a solution for Qe by analysing the local fountain-interface interaction.
3.2.1 Global conservation equations
For an incompressible flow, the volume fluxQPi supplied to the upper layer by the plume
at the interface is exactly balanced by the volume flux leaving this layer, i.e. via the
sum of that entrained Qe and driven through the top opening Qt = Qf0 . The buoyancy
flux supplied to the upper layer is comprised of BP and the flux of buoyancy g
′
1QPi
entrained by the plume from the lower layer. The impinging fountain entrains a flux of
buoyancy g′2Qe from the upper layer and the outflow from the box expels buoyant fluid
at a rate g′2Qt. Thus, for the upper layer conservation of volume and buoyancy require,
respectively,
QPi = Qe +Qt, BP + g
′
1QPi = g
′
2 (Qe +Qt) . (3.4a, b)
Inspired by the long history of simplified models of turbulent plumes and fountains,
top-hat profiles are adopted for the time-averaged horizontal variation of the vertical
velocity and buoyancy of the plume and the fountain. Accordingly, following the classic
plume theory of Morton et al. (1956),
QPi = CPB
1/3
P h
5/3, CP =
6αP
5
(
9αPpi
2
10
)1/3
, (3.5)
where αP is the top-hat entrainment coefficient for a plume. Turner (1986) suggested
that for Gaussian profiles, an entrainment coefficient αP,G = 0.083 is a suitable empirical
value. For top-hat profiles, we have αP =
√
2αP,G ≈ 0.117 and, hence, CP ≈ 0.14 (3.5).
As the plume is merely an artefact in the problem, we neglect the effects of the secondary
flow on plume entrainment. Although the secondary flow may modify the entrainment
coefficient αP, it is reassuring that the choice of αP does not influence the scaling of Qe,
which is the quantity of primary interest to us.
Theoretical model of confined interfacial entrainment 94
The source buoyancy flux of the fountain Bf0 and the buoyancy flux turbulently
entrained via the impingement dome from the upper layer g′2Qe are supplied to the
lower layer. Due to entrainment into the plume, a flux of buoyancy g′1QPi is removed
from the lower layer. Thus, conservation of buoyancy for the lower layer requires
Bf0 + g
′
2Qe = g
′
1QPi . (3.6)
Denoting bf0 and wf0 as the radius and (uniform) vertical velocity, respectively, of the
fountain at its source (z´ = 0),
Qf0 = pib
2
f0
wf0, Bf0 = −pig′f0b2f0wf0. (3.7)
The conservation equations, (3.4) and (3.6), are reduced to their simplest form by scaling
the layer buoyancies on the source buoyancy g′f0 = |Bf0 |/Qf0 of the fountain and scaling
the interface height on H. Accordingly, we introduce the dimensionless variables
γ1 =
g′1
g′f0
, γ2 =
g′2
g′f0
, ξ =
h
H
. (3.8)
To proceed, we substitute (3.5) into (3.4a) and rearrange for h. We then substitute for g′1
from (3.6) into (3.4b). Non-dimensionalising the resulting equations yields closed-form
solutions for the dimensionless interface height and the dimensionless layer buoyancies:
ξ =
(
LFr
2/5
0
|ψ|1/5
)
(1 + E)3/5 , γ1 =
−E(ψ + 1)− 1
1 + E
, γ2 = −ψ − 1, (3.9)
where
E =
Qe
Qf0
. (3.10)
The three resulting non-dimensional parameters (3.11) of our system are the buoyancy
flux ratio ψ (< 0), the source Froude number Fr0 of the fountain and the dimensionless
radius L of the fountain source:
ψ =
BP
Bf0
, Fr0 = pi
1/4
M
5/4
f0
Qf0|Bf0 |1/2
, L =
(
pi2/5
C
3/5
P
)
bf0
H
. (3.11)
At this stage, E = Qe/Qf0 is the single unknown dimensionless quantity. To determine
Qe and, hence, close the problem, we now model the fountain-interface interaction.
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Figure 3.5: Shadowgraph images from Hunt & Coffey’s (2010) experiments: (a) shows the local
upward deflection of a density interface resulting from the impingement of a turbulent fountain
from below and (b) shows the flow some time later when the interface has been temporarily
restored back to its stable horizontal orientation.
3.2.2 Secondary flow in the environment
The impingement of the fountain produces a ‘local’ upward deflection of the interface.
To produce a local deflection, we require the radius of the impinging fountain bi ≪
√
S.
Although the two-layer fluid remains close to hydrostatic equilibrium, the ‘tilting’ of the
interface indicates that the surfaces of constant pressure and constant density are no
longer parallel. The action of a resulting baroclinic torque reduces the horizontal density
gradients eventuating from the interfacial deflection and, thereby, restores the interface
back to the horizontal. The sustained forcing of the density interface by the fountain
gives rise to a near continuous cycle of vertical deflections from the horizontal. This
perpetual process is confirmed by several experimental studies (Shy (1995); Kumagai
(1984); Hunt & Coffey (2010)). Figure 3.5 shows shadowgraph images from Hunt &
Coffey’s (2010) experiments; in (a), the interface between two saline layers of different
density is deflected upwards due to the localised impingement of a fountain from below.
A short time later, the interface has been temporarily restored to its stable horizontal
orientation (figure 3.5(b)).
When the interface tilts, heavy fluid of density ρ1 within the lower layer is displaced
upwards and light fluid of density ρ2 within the upper layer is displaced downwards.
Thence, as the baroclinic torque acts to restore the interface, the potential energy of
the displaced fluids is released and a fraction of this energy is converted into kinetic
energy that drives fluid motions. As a direct consequence of the near continuous release
of potential energy from the perpetual cycle of vertical excursions of the density interface,
a quasi-steady secondary flow is maintained in the upper layer and lower layer. As an
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Figure 3.6: Schematic showing the modelled deflection of the interface resulting from the
impingement of the fountain, cf. figure 3.5(a). The position of the undisturbed interface is
z = 0. Due to the deflection, fluid is displaced in shaded regions A and B. Solid arrows in the
upper and lower layers indicate the secondary flow induced by interfacial tilting.
aside, by considering the response of a confined two-layer system to the tilting of its
density interface, one can readily deduce that a flow must be induced for equilibrium
to be restored, see Appendix 3.A. Crucially, therefore, fluid with non-zero velocity is
entrained into the impingement dome. Ching et al. (1993) observed secondary flows in
the environment with velocities in the upper layer of up to 30% of the plume’s vertical
velocity at the interface (figure 3.3(b)). This scenario may be likened to a plume rising in,
and turbulently entraining, a weak crossflow. Accordingly, to account for the non-zero
flux of momentum entrained into the dome, we consider a time-averaged picture and
seek an expression for the mean velocity u2 of the secondary flow in the upper layer.
In a given cycle of interfacial deflection, the interface attains a maximum vertical
displacement of z = η from its equilibrium position at z = 0, as depicted in figure 3.6.
Dense lower layer fluid is displaced upwards above z = 0 in region A and an equal
volume of light upper layer fluid is displaced downwards below z = 0 in region B (of
horizontal extent lB). Guided by experimental observations (cf. figure 3.5), we assume
that the horizontal extent, lA, of the upward deflection is equal to the horizontal length
scale, bi, of the forcing that produces the deflection. Therefore, the deflection of the
interface is assumed to occur within a circular region of radius
rid = bi + lA + lB = 2bi + lB, (3.12)
which we refer to as the ‘zone of interfacial deflection’ (the subscript ‘id’ reads ‘interfacial
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deflection’). Whilst the deflected interface typically exhibits a smoothly varying profile
(figure 3.5), the gradient of our assumed profile is discontinuous at r = rid. Nevertheless,
we will see that our model provides a simple yet effective starting point for quantifying
the velocity u2 induced by the interfacial deflections. For the localised impingement of
an axisymmetric fountain, the deflected regions are characterised by an annular prism
whose outer radius and inner radius are {2bi, bi} for region A and {2bi + lB, 2bi} for
region B. Accordingly, conservation of volume in the displaced state requires
pi
2
η
[
(2bi)
2 − b2i
]
=
pi
2
η
[
(2bi + lB)
2 − (2bi)2
]
. (3.13)
Rearranging (3.13) gives a quadratic in lB/bi, which has a single positive root:
l2
B
b2i
+ 4
lB
bi
− 3 = 0, lB
bi
=
√
7− 2 ≈ 0.65. (3.14)
When the density interface attains its maximum displacement z = η, fluid in regions A
and B instantaneously comes to rest. Subsequently, as the interface is restored back to
horizontal, the displaced fluids are set in motion. Thus, at the instant when maximum
tilting occurs there is no flux of momentum into, or out of, region A. Hence, conservation
of vertical momentum for this fluid volume requires
ρiQiwi =
3pi
2
b2i ηρa∆g
′, (3.15)
that is the interface is brought momentarily to rest when the upward excitation force
(left-hand side) causing the interfacial deflection is balanced by the downward restoring
buoyancy force (right-hand side) acting on the displaced fluid of volume 3pib2i η/2 (3.13).
Here, ρi is the density of the fountain at the level of the undisturbed interface (z = 0).
For Boussinesq flows, the maximum vertical displacement of the interface is, from (3.15),
η
bi
=
2
3
Fr2i . (3.16)
As we shall see in §3.2.3, the penetration depth of the interfacial dome is zd/bi = 0.94Fr2i .
Thus, the scalings of η and zd on Fri are identical, which is not altogether surprising
given that both the origin of the interfacial deflection and the shallow-penetration dome
is the vertical forcing by the impinging fountain. We note that η/zd < 1, a result one
would expect on physical grounds. Moreover, our prediction that η/zd ≈ 0.7 is consistent
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with observations (cf. figure 3.5(a)).
For r > rid, the depths of the upper and lower layers are unaffected by the interfacial
deflections. Thus, the potential energy outside the zone of interfacial deflection PEout
remains unchanged from the equilibrium state. The potential energy of the two-layer
fluid in the displaced state is then
PEdis =
∫
V
ρgz´ dV =
1
2
piρ2gr
2
idD
2
(
1 + 2
h
D
+
ρ1
ρ2
h2
D2
)
+ piρa∆g
′b2i η
2 + PEout, (3.17)
where V denotes volume and D = H − h is the upper layer depth of the equilibrium
state. In (3.17) we have implicitly assumed that the fountain, the dome and the plume
occupy only a small fraction of the total volume of the box so that we may ignore the
potential energies contained in these regions. We note that this is consistent with the
classic filling-box model of Baines & Turner (1969). By definition, the non-zero potential
energy of the equilibrium state PEeq cannot be reduced by any adiabatic rearrangement
of fluid parcels and, hence, this energy is unavailable for conversion into kinetic energy
of fluid motion. Given that
PEeq =
1
2
piρ2gr
2
idD
2
(
1 + 2
h
D
+
ρ1
ρ2
h2
D2
)
+ PEout, (3.18)
and that PEdis > PEeq from (3.17) and (3.18), the surplus potential energy available for
conversion into kinetic energy is
APE = PEdis − PEeq = piρa∆g′b2i η2. (3.19)
As the action of the baroclinic torque temporarily restores the tilted interface from the
point of maximum deflection (z = η) to the equilibrium position (z = 0), the available
potential energy (3.19) is converted into kinetic energy for driving fluid motion in the
upper and lower layers primarily over the radial extent rid. A flow towards the interfacial
dome is established within the upper layer, whereby light fluid of density ρ2 replaces
heavy fluid of density ρ1 in region A (figure 3.6). We note that the hydrostatic pressure
variations established by the tilting, and indeed the entrainment into the dome, induce a
flow towards the dome. Similarly, a flow towards the side walls of the box is established
within the lower layer, whereby fluid of density ρ1 replaces fluid of density ρ2 in region B.
In our time-averaged conceptualisation, the mean kinetic energy of the secondary flow
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prevailing in the upper layer is
KE2 =
∫ H
h
piρ2
u2
2
2
r2id dz´ = piρ2r
2
id(H − h)
u2
2
2
. (3.20)
Given that we seek a local velocity for the bulk flow induced adjacent to the dome, in
(3.20) we have calculated the kinetic energy of the flow within the region of interfacial
deflection (i.e. for r ≤ rid). For simplicity, we apportion the available potential energy
equally between the kinetic energies of the flows in the upper and lower layers, i.e.
KE2 = APE/2. Under the Boussinesq approximation, the dimensionless mean velocity
uˇ2 of the secondary flow in the upper layer is then, from (3.19) and (3.20),
uˇ2 =
u2
wi
=
2
3
√
7
Fri
√
λi ≈ 0.25Fri
√
λi, (3.21)
where the ‘confinement’ parameter
λi =
bi
H − h. (3.22)
Evidently, λi characterises the horizontal length scale of interfacial turbulence relative
to the vertical extent of the confinement (H − h). For a given bi and Fri, a relatively
weak secondary flow (uˇ2 ≪ 1) is established within the upper layer when the interfacial
impingements occur at low elevations (h ≪ H) in a tall box such that λi is relatively
small. In this limit, we expect our prediction of u2 (3.21) to be less reliable as the local
interfacial deflections are unlikely to induce fluid motions over the depth of a relatively
deep upper layer. However, from (3.21), we note that in the absence of confinement
λi → 0 and uˇ2 → 0, which is entirely consistent with the unconfined scenario wherein
interfacial entrainment occurs in the absence of a secondary flow (chapter 2).
In contrast, the secondary flow is relatively strong when the interfacial impingements
occur at high elevations in a short box such that λi is relatively large. In this limit, we
expect our model to capture well the dynamics of the secondary flow as the interfacial
deflections are likely to excite fluid motions over the full depth of a relatively shallow
upper layer, as indicated by the measurements of Ching et al. (1993) (figure 3.3(b)).
Indeed, it is this limit that is of primary interest to us. Moreover, we will see that for
previous experimental studies λi varies in the range 0.1 < λi < 1, with the majority of
the values of λi exceeding λi = 0.3, i.e. λi was relatively large for previous experiments.
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Figure 3.7: Schematic showing the small-Fri axisymmetric semi-ellipsoidal interfacial dome
atop the impinging fountain. Shaded area indicates the modelled peripheral vortex layer and the
dashed box is the control volume considered for the inflow into the dome due to entrainment.
Given that we focus on Fri . 1, uˇ2 ∼ O(1) (3.21). Thus, the velocity uˇ2 of the secondary
flow cannot be reasonably ignored. In §3.3.1, we establish the range of λi that may be
regarded as ‘small’ and ‘large’.
Continuous vertical oscillations of the interface typically contribute to the generation
of interfacial gravity waves that extract a fraction of the potential energy released from
the interfacial deflections. Some of the available potential energy may also be dissipated
due to viscous effects. As these losses have been ignored, uˇ2 in (3.21) may be regarded
an upper-bound solution. We return to the implications of this for confined interfacial
entrainment in §3.3.4.
3.2.3 Impingement dome
Having determined u2, our focus turns to the volume flux Qe of fluid, with velocity u2,
entrained from the upper layer into the axisymmetric semi-ellipsoidal impingement dome
atop the incident fountain (figure 3.7). To model the entrainment into the dome, we
employ the theoretical framework developed in §2.3. The entrained fluid is transported
across the interface through an annulus of width (bd − bi). Adopting top-hat profiles
for the variation of the vertical downward velocity w`d < 0 and density ρd across this
annular region, conservation of volume for the impingement dome requires
pib2iwi +Qe = pi(b
2
d − b2i )wd, (3.23)
where wd = |w`d|. The dome receives a flux of momentum piρib2iw2i from the fountain
and a flux of momentum piρd(b
2
d− b2i )w2d is transported out of the dome via the annulus.
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Guided by the measurements of Ching et al. (1993) (figure 3.3(b)), we assume that the
secondary flow in the vicinity of the dome boundary is horizontal. Accordingly, the
flux of vertical momentum entrained into the dome is zero. Therefore, conservation of
vertical momentum for the dome requires
piρib
2
iw
2
i + piρd(b
2
d − b2i )w2d =
2pi
3
b2dzdρig
′
i, g
′
i = g
(
ρi − ρ2
ρa
)
, (3.24)
where g′i is the mean (downward) buoyancy experienced by dense fluid within the dome
of volume 2pib2dzd/3. Substituting for wd from (3.23) into (3.24) gives
E2i + 2Ei =
2
3k4
zˆ5dG′i
Fr2i
− 2
3k2
zˆ3dG′i
Fr2i
− 1
k2
zˆ2d, where G′i =
g′i
∆g′
, (3.25)
for Boussinesq flows. In (3.25), zˆd = zd/bi is the dimensionless penetration depth and
k = zd/bd is the aspect ratio of the dome. We will see in §3.3.2 and §3.3.4 that solutions
of the governing equations (3.9) are realised for fountains with source Froude numbers
Fr0 ≫ 1 and buoyancy flux ratios ψ = BP/Bf0 ≪ −1, i.e. the impinging fountain is
highly forced at its source. For these source conditions, the fountain behaviour is jet-like
over a significant fraction of the rise height and therefore, its density ρi at the interface is
comparable with ρ1 for Boussinesq flows. Accordingly, we invoke the approximation that
the dimensionless mean buoyancy of the impinging fountain G′i ≈ 1, which considerably
simplifies the analysis whilst having little effect on the final solution. By considering
conservation of buoyancy for the dome, we find that our approximation G′i = 1 leads to
a marginal overprediction (by no more than 4%) of Qe, see Appendix 3.B.
To close the problem, it is necessary to describe the mechanism by which external
fluid is entrained into the dome. Shy (1995) and Cotel et al. (1997) identified that the
interaction between the incident vorticity within the impinging flow and the baroclinic
vorticity generated at the interface, due to its tilting, results in the formation of strong
persistent vortices within a relatively thin layer around the perimeter of the dome. These
rotational motions are predominantly responsible for the entrainment into the dome.
In §2.3.2, by modelling this peripheral region of strong vorticity as a finite-thickness
vortex layer (the shaded region in figure 3.7), we related the quasi-steady generation of
baroclinic vorticity to the resulting mean entrainment velocity ue and showed that
ue = αd
√
2∆g′(zd − z), (3.26)
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i.e. the entrainment velocity is proportional to a local buoyancy velocity near the dome’s
periphery. As in §2.3.2, we take the entrainment coefficient αd = 0.1.
To account for the horizontal momentum (∝ u2) of the fluid entrained from the upper
layer, we consider a control volume of height δz around the dome perimeter (figure 3.7).
Owing to the secondary flow, a volume flux q2 per unit height with fluid of velocity u2
enters the control volume. A volume flux q∗ per unit height leaves the control volume,
crosses the dome perimeter and enters the dome at velocity u∗. As discussed in §2.2, the
inertial force associated with the energy-containing vortices drives entrainment. Thus,
conservation of horizontal momentum for the flow near the dome boundary requires
(ρ∗q∗u∗) δz − (ρ2q2u2) δz = Fe, (3.27)
where Fe denotes the mean inertial force of the peripheral energy-containing vortices
that drive turbulent entrainment of fluid from the upper layer into the dome and ρ∗ the
density of the fluid entering the vortex layer. Over a vertical extent δz of the vortex
layer, a volume δVe of external fluid is engulfed at velocity ue in a time δt. Therefore,
the inertial force associated with the energy-containing vortices that gives rise to and
maintains the steady inflow into the dome is
Fe = ρ2ueδVe/δt. (3.28)
Under the Boussinesq approximation, substituting for Fe (3.28) into (3.27) and given
that conservation of volume for the steady flow requires q2δz = qeδz = δVe/δt, we obtain
u∗ = ue + u2, (3.29)
i.e. the mean horizontal inflow velocity u∗ across the boundary between the turbulent
flow and the external environment is given by the sum of the entrainment velocity of the
peripheral vortices and the velocity of the secondary flow in the upper layer. To further
support this entrainment formulation, we may draw a direct analogy between plumes
rising in a weak crossflow and our dome in the midst of a predominantly horizontal
secondary flow. The net entrainment into a plume rising in a crossflow is the sum of
two parts, namely, the entrainment driven by the vertical shear and the entrainment of
the external crossflow (Hoult & Weil (1972); Lee & Chu (2003); Devenish et al. (2010)).
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Similarly, the net entrainment into the dome in the presence of a steady secondary flow is
comprised of two components, namely, the entrainment driven by baroclinic vortices and
the entrainment of the secondary flow. Thus, (3.29) is consistent with well established
entrainment models for plumes in a crossflow.
The total volume flux entrained into the dome over the height 0 ≤ z ≤ zd is
Qe =
∫ zd
0
2pibpu
∗ dz =
∫ zd
0
2pibp(ue + u2) dz. (3.30)
Substituting for u2 (3.21), ue (3.26) and bp (2.19) into (3.30) gives
Qe = piCbd
√
∆g′z
3/2
d +
pi2
2
bdzdu2, C =
4αd
√
2
15
(
8
√
2− 7
)
. (3.31)
To complete our solution we require the penetration depth zd. For the unconfined case,
wherein interfacial entrainment occurs in the absence of a secondary flow (i.e. uˇ2 → 0
as λi → 0), we considered conservation of energy for the dome (§2.3.3) and showed that
zˆd =
zd
bi
= BFr2i , B = 0.94. (3.32)
For the confined problem of interest here, entrainment of fluid into the dome results
in an inflow of kinetic energy ∝ u22 and potential energy ∝ ∆g′zd. Whilst both terms
can be accounted for in the energy budget, an elegant approximation becomes evident
on examining the relative magnitudes of the kinetic and potential energies entrained.
Given that zd/bi ∝ Fr2i , the ratio of the entrained energies is u22/(∆g′zd) ∝ u22/w2i .
Noting that u22/w
2
i ≪ 1 (3.21) for the range of {Fri, λi} considered, the kinetic energy
entrained into the dome is relatively small and, hence, may reasonably be neglected.
Therefore, the secondary flow has a relatively minor influence on the energy budget for
the dome. Thus, to a good approximation, the penetration depth of the confined dome
is given by (3.32).
With the problem fully closed, we substitute for u2 (3.21) and zd (3.32) into (3.31).
The resulting expression is rearranged for the aspect ratio k and substituted into (3.25).
This yields a cubic in Ei as a function of the interfacial Froude number Fri and the
confinement parameter λi:
E3i − a1Ei − a2 = 0, (3.33)
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where
a1 =
3a2
3
2B
(
1 +
2B
3
+ a23
)
, a2 =
3
B
a43 , a3 = B
3/2CFr2i +
piB
8
λ
1/2
i Fr
3
i . (3.34)
This cubic has a single positive root, namely
Ei =
{
a2
2
+
√(a2
2
)2
−
(a1
3
)3}1/3
+
{
a2
2
−
√(a2
2
)2
−
(a1
3
)3}1/3
. (3.35)
For Fri < 1 and λi < 1, a two-step procedure reduces (3.35) to a simple analytic solution
that closely approximates the full solution. This simplification procedure is identical to
the procedure employed in §2.3.4 for the unconfined case. We find that
(a2/2)
2
(a1/3)3
=
27a2
2
4a3
1
≪ 1 for λi ≪ 64
pi2B2Fr6i
{
(1 + 2B/3)3/2√
18B
−B3/2CFr2i
}2
. (3.36)
Noting that our approximation holds for λi ≪ 0.9 when Fri = 1, and given that λi is
inversely proportional to Fri, this constraint (3.36) on λi is satisfied for the range of Fri
considered. Restricting our attention to these values of λi, we may simplify (3.35) to
Ei = R
{√
a1
3
(
i1/3 + (−i)1/3
)}
, (3.37)
where i =
√−1. The only solutions for i1/3 and (−i)1/3 that yield real, positive values
of Ei are i
1/3 = (
√
3 + i)/2 and (−i)1/3 = (√3− i)/2. Therefore, from (3.37),
Ei = AFr
2
i︸ ︷︷ ︸
Unconfined
component
+K
√
λiFr
3
i︸ ︷︷ ︸
Confined
component
, (3.38)
where
A = BC
√
B +
3
2
≈ 0.24 and K = piA
8
√
BC
≈ 0.60. (3.39)
The first term of (3.38) is the contribution to the total volume flux into the dome due
to entrainment driven by peripheral vortices. The second term is the volume flux into
the dome due to entrainment of the secondary flow.
When interfacial entrainment occurs in the absence of confinement, λi → 0 and
uˇ2 → 0 (3.21). In this limit Ei = Ei(Fri) and we recover our solution Ei = AFr2i (2.33)
Theoretical model of confined interfacial entrainment 105
for unconfined entrainment. When interfacial entrainment occurs within the confines
of a box so that λi > 0, a secondary flow persists (uˇ2 > 0) and Ei = Ei(Fri, λi). Thus,
the second term of (3.38) solely accounts for the role of confinement. To quantify the
influence of confinement on Ei, we consider the total entrainment flux Ei relative to the
entrainment flux in the absence of confinement (i.e. the unconfined component in (3.38)).
Accordingly, we introduce the ratio
Φ =
AFr2i + Ei,c
AFr2i
, where Ei,c = K
√
λiFr
3
i (3.40)
is the rate of entrainment of the secondary flow (the subscript ‘c’ reading ‘confined’).
When Φ ∼ 1, the contribution of Ei,c to Ei is small and box confinement does not
significantly influence the rate of interfacial entrainment. When Φ ≫ 1, Ei,c provides
a significant contribution to Ei and, hence, confinement plays an instrumental role in
increasing the total entrainment flux Ei across the interface.
3.2.4 Impinging fountain
To predict Fri and λi, it is necessary to model the fountain. Assuming the counterflow is
fully incorporated into the lower layer, conservation of volume flux (pib2fwf), momentum
flux (pib2fw
2
f ) and buoyancy flux (−pib2fwfg′f) for the upflow require (Morton et al., 1956)
d
dz´
(pib2fwf) = 2piαfbfwf ,
d
dz´
(pib2fw
2
f ) = −pib2f g′f ,
d
dz´
(pib2fwfg
′
f) = 0, (3.41)
where αf is the top-hat entrainment coefficient for the fountain. Following Kaye & Hunt
(2006) we take αf = 0.085. Given that the fountain exhibits jet-like behaviour for the
majority of the its rise height, the vertical velocity wf of the fountain is large compared
with the velocity of the secondary flow in the lower layer. Therefore, it is reasonable
to assume that the entrainment into the fountain is not significantly influenced by the
secondary flow in the lower layer. Whilst the secondary flow may modify the entrainment
coefficient αf , it is reassuring that the choice of αf does not influence the scaling of Ei,
the quantity of primary interest to us.
Scaling quantities of interest on their values at the fountain source (z´ = 0), we seek
the vertical variation of the dimensionless radius bf = bf/bf0 , dimensionless vertical
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velocity wf = wf/wf0 and local Froude number Frf = wf/
√
bfg
′
f of the fountain. The
non-dimensional governing equations for the fountain are
dbf
dz´
=
5
3
(
1+
1
4αfFr
2
f
)
,
dwf
dz´
= −5
3
wf
bf
(
1+
1
2αfFr
2
f
)
,
dFrf
dz´
= −5
3
Frf
bf
(
1+
5
8αfFr
2
f
)
,
(3.42)
where z´ = (6αf/5)z´/bf0 . The source conditions of the fountain are bf(z´ = 0) = 1,
wf(z´ = 0) = 1, Frf(z´ = 0) = Fr0.
The non-dimensional parameters of our system are the source Froude number Fr0 of
the fountain, the source buoyancy flux ratio ψ and the fountain source radius L (3.11).
For a given {Fr0, ψ,L}, solutions were obtained using an iterative procedure. First, by
assuming a value of E = Qe/Qf0 , the interface position (ξ) and layer buoyancies (γ1, γ2)
were calculated from (3.9). The fountain equations (3.42) were then solved to obtain
the dimensionless vertical velocity wi and radius bi of the fountain at the interface. The
interfacial Froude number and the confinement parameter were determined from
Fri = Fr0
wi√
bi (γ2 − γ1)
, λi =
(
LC
3/5
P
pi2/5
)
bi
1− ξ . (3.43)
We then calculated Ei (3.38) and re-estimated E = Eib
2
i wi, the interface height and layer
buoyancies. This procedure was repeated until Ei, ξ, γ1 and γ2 converged to fixed values.
3.3 Model predictions and analysis of results
3.3.1 Power laws for unconfined and confined entrainment
As an illustrative example of the effect of confinement on interfacial entrainment, figure
3.8(a) plots Ei as a function of λi for Fri = 0.7. Also plotted is the power law Ei = AFr
2
i
for unconfined entrainment across interfaces. As λi increases, and thus the confinement
is enhanced, the velocity uˇ2 (∝
√
λi) of the secondary flow increases (see §3.3.3 for a
further discussion on the role of λi). Therefore, the rate of entrainment Ei,c (∝ uˇ2) of the
secondary flow and, hence, the total entrainment flux Ei increase with λi (figure 3.8(a)).
Notably, when the radius of the impinging fountain equals the depth of the upper layer
(i.e. λi = 1), Ei exceeds the rate of entrainment in an unconfined environment by a
factor of three.
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Figure 3.8: Dimensionless turbulent entrainment flux Ei across the interface: (a) as a function
of the confinement parameter λi for Fri = 0.7 and (b) as a function of the interfacial Froude
number Fri for λi = {0, 0.5}.
Figure 3.8(b) plots Ei as a function of Fri for λi = {0, 0.5} and further emphasises
the disparities between interfacial entrainment in unconfined and confined environments.
As Fri increases, and thus the vertical forcing of the interface is strengthened, larger
deflections η (∝ Fr2i ) are produced. Therefore, for λi > 0 a greater amount of potential
energy is released and converted into kinetic energy of the secondary flow. As a result,
uˇ2 and Ei increase with Fri (figure 3.8(b)). Significantly, when the diameter (2bi) of the
impinging fountain equals the upper layer depth (i.e. λi = 0.5), doubling the interfacial
Froude number from Fri = 0.5 to Fri = 1 gives rise to a sevenfold increase in Ei – this
compares with a fourfold increase for the unconfined case.
These results show that λi is a key parameter in the problem. Crucially, the scaling
of Ei on Fri is determined by λi. From (3.38), our entrainment law follows
Ei ∝

Fr
2
i for λi ≪ λi,c,
Fr3i for λi ≫ λi,c,
λi,c =
64BC2
pi2Fr2i
. (3.44)
In other words, when λi ≪ λi,c, the secondary flow is sufficiently weak such that the
contribution of Ei,c to Ei is small and thus, Ei is quadratic in Fri as per ‘unconfined’
entrainment (chapter 2). Accordingly, we refer to interfacial entrainment in this small-λi
regime as weakly-confined. When λi ≫ λi,c, the secondary flow is sufficiently strong such
that Ei,c provides the dominant contribution to Ei and thus, Ei is cubic in Fri (3.38).
We therefore refer to interfacial entrainment in this large-λi regime as strongly-confined.
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Figure 3.9: (a) Interface height ξ against fountain source Froude number Fr0 and (b) velocity of
secondary flow uˇ2 against the confinement parameter λi for source buoyancy flux ratio ψ = −15
and fountain source radius L = 0.1.
This result provides a plausible physical explanation for why some experimental
studies support a Ei ∝ Fr2i power law, whereas others report Ei ∝ Fr3i . Our model (3.44)
indicates that measurements of Ei following a cubic power law (Baines (1975); Coffey &
Hunt (2010)) may have been influenced by a secondary flow in the environment owing to
relatively large values of λi. Inferring values of λi from previous works, we find that for
the experiments of Coffey & Hunt (2010), λi was as large as unity, as discussed further
in §3.3.4. Conversely, experimental measurements of Ei supporting a quadratic power
law (Cardoso & Woods (1993); Ching et al. (1993)) were not significantly influenced by
a secondary flow as λi was sufficiently small. Indeed, for the experiments of Cardoso
& Woods (1993), a value of λi = 0.2 was never exceeded. We will see (§3.3.4) that for
previous studies, λi exhibits a wide variation, spanning the range 0.1 < λi < 1. As a
consequence, these studies capture Ei not only within the weakly-confined and strongly-
confined regimes, but also in the transitional regime where comparable contributions
from the quadratic (Ei ∝ Fr2i ) and cubic (Ei ∝ Fr3i ) components are expected.
3.3.2 Entrainment for varying Fri and λi
Thus far, we have focussed on interfacial entrainment for constant Fri or constant λi
(figure 3.8). The practical difficulty of achieving constancy of these key parameters is
exemplified by the significant variation of Fri and λi in previous experiments (see §3.3.4).
To examine Ei when both Fri and λi vary, we increase the source Froude number Fr0
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Figure 3.10: Entrainment flux ratio Φ (3.40) against the (a) interfacial Froude number Fri
and (b) confinement parameter λi for source buoyancy flux ratio ψ = −15 and fountain source
radius L = 0.1.
of the fountain, whilst holding the source radius L and buoyancy flux ratio ψ constant.
As this gives rise to more energetic interfacial impingements (i.e. larger Fri), the rate of
entrainment (Ei) of buoyant fluid from the upper layer into the lower layer increases and,
hence, the interface height ξ increases with Fr0, as shown in figure 3.9(a). As a result,
the radius bi ∝ h (Kaye & Hunt, 2006) of the impinging fountain increases. Therefore,
increasing Fr0 results in larger values of λi ∝ bi/(1− ξ). Enhancing the confinement in
this way gives rise to stronger secondary flows, that is uˇ2 increases with λi, as shown
in figure 3.9(b). Notably, in the strongly-confined regime (λi ∼ 1 in figure 3.9(b)), u2
is approximately 25% of the fountain’s vertical velocity wi at the interface.
Figures 3.10(a) and 3.10(b) plot the entrainment flux ratio Φ against Fri and λi,
respectively. We recall, from (3.40), that Φ provides a measure of the influence of box
confinement on Ei, with Φ ≫ 1 indicating a profound modification of the entrainment
flux Ei. Two limiting cases can be identified in figure 3.10: one in which Fri and λi are
small, and a second in which Fri and λi are large. For Fri ≪ 1 a weak vertical forcing of
the interface by the impinging fountain produces relatively small deflections as η ∝ Fr2i ,
and for λi ≪ 1 the zone of interfacial deflection rid ∝ bi (3.12) is small compared with
the depth of the upper layer, rid ≪ D. Therefore, a relatively small amount of potential
energy (∝ b2i η2) is released from the shallow deflections and converted into kinetic energy
of a relatively large mass of upper layer fluid. As a direct consequence, the secondary
flow is weak and, therefore, the rate of entrainment Ei,c of the secondary flow provides
only a small contribution to Ei. For example, Φ ∼ 1 when {Fri, λi} ≪ 1 (figure 3.10).
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Figure 3.11: Contours of constant entrainment flux Ei in {λi,Fri} space.
When Fri and λi are both large, the vertical excursions of the interface are relatively
large (i.e. η is comparable with the width bi of the fountain) and the zone of interfacial
deflection is comparable with the depth of the upper layer, i.e. rid ∼ D. Therefore, a
significant amount of potential energy is released and converted into kinetic energy of a
relatively shallow mass of upper layer fluid. As a result, the secondary flow is strong and,
therefore, Ei,c provides a significant contribution to the total entrainment flux Ei. For
example, figure 3.10 shows that Φ ≈ 4 when {Fri, λi} ∼ 1, i.e. with identical forcing, the
entrainment flux in the confined environment exceeds that in an unconfined environment
by almost a factor of four.
3.3.3 The role of the confinement parameter
Figure 3.11 plots contours of constant Ei in {λi,Fri} space, thereby encompassing the
dynamics of confined interfacial entrainment. Evidently, for a given Fri, Ei can vary by
up to 80% depending on λi. For example with Fri = 0.7, Ei = 0.18 when λi = 0.1,
whereas Ei = 0.32 when λi = 0.8. The role of λi becomes evident on considering the
two end-member regimes, namely, weakly-confined interfacial entrainment (realised for
λi ≪ λi,c) and strongly-confined interfacial entrainment (realised for λi ≫ λi,c). For
weakly-confined entrainment, the large inertia of a relatively deep upper layer provides
strong resistance to fluid motions induced by the interfacial deflections. Therefore, the
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Researcher(s) H (cm) bf0 (cm) L ∝ bf0/H (3.11)
Lin & Linden (2005) 23, 25 1.27 0.22, 0.26
Baines (1975) 30 0.5 0.085
Cardoso & Woods (1993) 30, 44 0.7 0.081, 0.12
Coffey & Hunt (2010) 30 1.5 0.26
Kumagai (1984) 37 0.5 0.069
Baines et al. (1993) 50 0.16 0.016
Table 3.1: Examples of the box height H , source radius bf0 and dimensionless source radius
L ∝ bf0/H considered in previous experimental studies.
velocity uˇ2 may be regarded as being significantly ‘damped’ by this large inertial force.
As a result, Ei,c is small relative to Ei and, hence, confinement has only a minor influence
on Ei. For strongly-confined entrainment, the small inertia of a relatively shallow upper
layer provides weak resistance to fluid motions induced by the interfacial deflections. As
a result, strong secondary flows prevail and Ei,c provides the dominant contribution to
Ei. Based on these arguments, and as a convenient aide-memoire, we draw an analogy
between λi and the damping coefficient of a spring-mass-damper system; as λi decreases,
the ‘damping’ of the fluid motions is enhanced and therefore, uˇ2 and Ei,c decrease.
3.3.4 Confinement in previous experimental studies
A wide range of box geometries have been used in experiments to measure Ei, with the
box height H differing by more than a factor of two, see table 3.1. Accordingly, it is
insightful to examine the effect of the vertical extent H of the confinement on Ei. To this
end, we vary the box heightH for constant {bf0,Fr0, ψ}, equivalent to varying L ∝ bf0/H,
and calculate Ei. Figure 3.12 plots the entrainment flux ratio Φ against L. The values
of L we consider span those of the experimental studies (table 3.1). Reducing H (i.e.
increasing L) strengthens the confinement and, hence, results in stronger secondary
flows. Consequently, the rate of entrainment Ei,c of the secondary flow increases and
thus, Φ increases with L. For a typical source radius of bf0 = 0.6cm, the dashed lines in
figure 3.12 indicate the values of Φ corresponding to the minimum and maximum box
heights used in experiment (table 3.1). Evidently, the enhancement of Ei due to the
confinement (i.e. Φ) increases by more than 50% when the box height is decreased from
H = 50cm to H = 23cm (figure 3.12).
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Figure 3.12: Entrainment flux ratio Φ against dimensionless source radius L for source Froude
number Fr0 = 20 and buoyancy flux ratio ψ = −10. Dashed lines indicate Φ = {2.75, 1.8} for
box height H = {23, 50}cm and source radius bf0 = 0.6cm.
These results highlight that box confinement has a significant effect on the strength
of the secondary flow and, thus, on the entrainment flux across the interface. Of course,
this variation is entirely unwanted from a practical perspective as experiments have
sought to determine a universal entrainment law.
To establish whether the role of confinement can shed new light on the significant
scatter in the existing experimental measurements of Ei (figure 3.2), figure 3.13 plots λi
for the experiments of Kumagai (1984), Lin & Linden (2005) and Coffey & Hunt (2010)
in {Fri, λi} space. We note that Baines (1975) does not provide sufficient information
to calculate λi for his experiments. Evidently, the experimental values of λi vary by
up to an order of magnitude for a given Fri. Notably, the range of experimental values
of λi (0.1 < λi < 1) corresponds to the range of values of λi predicted by our model
(figure 3.9(b)). Moreover, there is no systematic variation of λi with Fri, thus affirming
our result that λi is an independent parameter. Based on this evidence and given that
the influence of λi on Ei has not been previously considered, it is plausible and indeed
we assert that the scatter in the existing data of Ei is attributed, at least in part, to the
dependence of Ei on λi. To reinforce this assertion, also shown in figure 3.13 are our
theoretical curves of constant Φ = {1.2, 4}. Clearly, almost all the data points lie within
the shaded region bounded by these curves. In other words, we predict that for the
majority of existing measurements, at least 20% of Ei may be attributed to the rate
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Figure 3.13: Confinement parameter λi against the interfacial Froude number Fri for the
experiments of Kumagai (1984) (), Lin & Linden (2005) (+) and Coffey & Hunt (2010) (△).
Solid lines are our theoretical curves of constant entrainment flux ratio Φ = {1.2, 4}.
of entrainment Ei,c of the secondary flow and that for strongly-confined flows, the
entrainment flux inferred from measurements is increased by a factor of four over that
which may be expected for truly unconfined interfacial entrainment. This is compelling
evidence that previous measurements have been influenced by a secondary flow and that
the disparities in Ei are likely to be associated with variations in λi.
Baines (1975), Kumagai (1984) and Coffey & Hunt (2010) inferred Ei by tracking
the position of a moving interface and as a consequence, λi was time dependent in their
experiments. By using a wide box, Ching et al. (1993) measured the entrainment rate
before the interfacial gravity current reached the side boundaries. Thus, the interface
position and confinement parameter λi remained invariant for the duration of interest.
It is therefore unsurprising that their measurements of the entrainment rate exhibit
considerably less scatter than the data sets of Baines (1975) and Kumagai (1984) for
which λi differs by almost an order of magnitude (figure 3.13).
3.3.5 Implications for experimental design
It is not immediately clear for a given laboratory experiment (or indeed from the wealth
of previous measurements) how the individual components of Ei (3.38) may be accurately
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determined. What is clear, is that in search of a universal law it is the entrainment flux
across an interface in the absence of confinement that has been, and arguably remains,
the true goal. Our analysis of confined interfacial entrainment raises the question of what
is an appropriate box height H for measuring the entrainment flux? As a secondary flow
persists for H > 0, the influence of confinement on Ei is inexorable. However, through
careful selection of the box height, it is possible to tailor the contribution of Ei,c to
Ei in an experiment so that Φ = (AFr
2
i + Ei,c)/AFr
2
i does not exceed an acceptable
threshold, ΦT (the subscript ‘T’ reading ‘threshold’). Based on the accuracy to which
Ei is measured, experimentalists can readily specify ΦT. By ensuring that Φ < ΦT,
the effect of confinement on Ei can, in principle, be restricted solely to the realms of
experimental uncertainty.
With a view to guiding future experiments, we seek the box height required to achieve
a given Φ = ΦT. While the plan area S of the box is needed to fully define the geometry,
its precise value is not of concern and implicit in the following discussion is that S is
sufficiently large that both the plume and fountain are free to entrain and their sources
sufficiently well separated that they may be considered to be non-interacting. Moreover,
the sources are sufficiently small in area that they approximate to localised sources (e.g.
bf0 ≪ h). Given that the fountain exhibits jet-like behaviour below the interface (see
§3.2.3), its radius scales approximately linearly with height (Kaye & Hunt, 2006) and,
hence, we take bi = m1h, where m1 is a constant. Recalling that λi = bi/(H − h), we
substitute for bi into (3.40) and rearrange for h/H to give
(
h
H
)
design
=
{
1 +
m1K
2
A2
Fr2i
(ΦT − 1)2
}−1
. (3.45)
Taking m1 = 0.17 (Mizushina et al., 1982), figure 3.14 plots (h/H)design (3.45) as a
function of Fri for four values of ΦT. The region beneath a given curve of constant ΦT
encompasses the values of (h/H)design for which Φ < ΦT. Therefore, for a given interface
position h, figure 3.14 indicates the box height H required to limit the influence of the
confinement on Ei to Φ = ΦT. For example, if the interface is established 12cm above
the base of the box and Fri = 0.3, we would require H > 47cm to restrict the rate of
entrainment Ei,c of the secondary flow to no more than 20% of Ei. Lower box heights
could be used, but with the penalty of higher thresholds ΦT. In Appendix 3.C, we
compare our theoretical predictions of uˇ2 with available experimental data.
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Figure 3.14: Interface height (h/H)design as a function of the interfacial Froude number Fri
for entrainment flux ratio ΦT = {1.2, 1.5, 2.0, 2.5}.
3.4 Conclusions
Over the last half century, numerous experimental studies have sought to determine
the dimensionless volume flux Ei turbulently entrained across a stable density interface.
However, a wider understanding of this problem has been obscured by the significant
scatter in the measurements of Ei and by the conflicting power laws describing its
dependence on the interfacial Froude number Fri. Whilst all experiments are conducted,
by necessity, within the confines of a (transparent) box or visual tank, the effects of
confinement on interfacial entrainment have not been previously examined. Seeking to
establish the role of confinement, we theoretically examined the turbulent entrainment of
buoyant fluid across an interface separating two uniform layers in a box. To eliminate
the complex interdependence of Ei and the time evolution of the stratification, we
considered the steady two-layer stratification established by a turbulent plume and a
turbulent fountain in a box. The plume maintains the buoyant upper layer and the
localised impingement of the fountain with the interface drives entrainment of fluid
from the upper layer into the lower layer via an interfacial dome.
Drawing on the insight from previous experiments, we developed a theoretical model
describing the dynamics of fountain-interface interaction and the secondary flow in the
environment that is induced and maintained by the perpetual cycle of vertical excursions
of the density interface. We deduced that besides Fri, Ei is dependent on a confinement
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Exponent n Applicable range Dominant physics
1 Fri > 3.8 Penetrative entrainment driven by shear-
induced engulfment into a fountain.
2 Fri < 1.4 Localised entrainment driven by baroclinic
vortices around an interfacial dome.
3 λi > 0.16/Fr
2
i Strongly-confined entrainment influenced
by a secondary flow in the environment.
Table 3.2: Summary of our entrainment law Ei ∝ Frni .
parameter λi which characterises the length scale of interfacial turbulence relative to
the depth of the upper layer. For small λi, a weak secondary flow has little influence on
Ei which is governed by a quadratic power law Ei ∝ Fr2i . For large λi, however, Ei is
significantly modified by a strong secondary flow and is governed by a cubic power law
Ei ∝ Fr3i . By establishing the range of λi that may be regarded as small and large, we
classified the entrainment dynamics into the weakly- and strongly-confined regimes.
Crucially, we established that a secondary flow persists for all box heights. Therefore,
the effect of box confinement on Ei is an inescapable feature of laboratory experiments.
We showed that for previous experiments, λi varies in the range 0.1 < λi < 1. A key
result from our model is that depending on λi, Ei can vary by up to an order of
magnitude for a given Fri. Thus, the modification of Ei due to the confinement provides
a plausible physical explanation for the wide disparities evident in the existing data.
Based on our model, we suggest that the effects of confinement on Ei can be minimised
by designing experimental configurations that satisfy λi ≪ 0.16Fr−2i .
For unsteady experiments (e.g. Kumagai (1984)) wherein Ei is inferred by tracking
the position of a moving interface, λi varies significantly with time, thereby compounding
the challenges inherent in the pursuit of a universal entrainment law. To overcome this
complexity, one could examine interfacial entrainment in a box whose width far exceeds
its height. Measurements of Ei can then be made prior to the interfacial gravity current
reaching the side walls so that the interface height and λi remain constant. A second
option is to consider a steady system. To this end, the steady two-layer stratification
established by a plume and fountain, as considered in this chapter, provides a convenient
means of measuring Ei for a given λi. Our model can be used to determine the source
conditions of the plume and the fountain required to achieve a particular λi. With a
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Figure 3.15: Schematics showing (a) a two-layer system at rest, (b) deflection of the interface
and the flow in the environment induced by the deflection, and (c) the final equilibrium state.
view to guiding future experiments, we established (figure 3.14) box geometries which
enable the contribution of confinement to the total entrainment flux to be bounded.
Our complementary studies of interfacial entrainment in unconfined and confined
environments elucidate the key physics that underpins the linear, quadratic and cubic
entrainment laws. Table 3.2 presents a summary of our entrainment laws. The results
and recommendations presented in this chapter may enable future experimental and
numerical studies to account for, or minimise, the influence of confinement on interfacial
entrainment. Nevertheless, the dependence of Ei on the confinement throws into question
and challenges the notion of a universal entrainment law.
3.A Appendix 3.A. Secondary flows in a two-layer system
To shed further light on the secondary flow induced by vertical excursions of a density
interface, consider a general stable two-layer fluid in a box of height H and width W
(figure 3.15(a)). The stable interface is initially stationary at a height z´ = h above the
base of the box (z´ = 0). In this equilibrium state, the system has potential energy
PEeq =
∫
V
ρgz´ dV =
1
2
ρ2gSD
2
(
1 + 2
h
D
+
ρ1
ρ2
h2
D2
)
. (3.A.1)
If, due to an instantaneous vertical forcing, the interface undergoes a maximum vertical
deflection of z´ = h + η from its equilibrium position over a horizontal extent W/2, as
depicted in figure 3.15(b), the potential energy of the system in this displaced state is
PEdis =
∫
V
ρgz´ dV =
1
2
ρ2gSD
2
(
1 + 2
h
D
+
ρ1
ρ2
h2
D2
)
+ ρ1∆g
′S
η2
6
. (3.A.2)
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As an aside, we note that the form of PEdis (3.A.2) for a generic interfacial deflection is
almost identical to the form of PEdis (3.17) for the deflection produced by an impinging
fountain; the difference between these two cases is the geometry of the deflection.
From (3.A.1) and (3.A.2), PEdis > PEeq and thus, the system has excess potential
energy. Crucially, a flow must be induced in order for the interface to return to its stable
horizontal orientation and, hence, for equilibrium to be restored. As the baroclinic torque
acts to restore the interface, the available (i.e. excess) potential energy is released and
converted into kinetic energy that drives a flow in the environment (figure 3.15(b)). As
the forcing is ephemeral, the interface eventually comes to rest at its equilibrium position
(figure 3.15(c)). In contrast, for the two-layer system established by a plume and a
fountain, the sustained forcing of the interface by the fountain gives rise to a perpetual
cycle of interfacial deflections and thus, a steady secondary flow is maintained.
3.B Appendix 3.B. Buoyancy of impinging fountain
As the fountain exhibits jet-like behaviour, we invoked the simplifying assumption that
the density of the impinging fountain ρi is comparable with the density of the lower
layer ρ1 (see §3.2.3). The buoyancy of the fluid supplied to the interfacial dome is then
g′i = ∆g
′ = g′2 − g′1. We now relax this assumption and seek an expression for g′i. For
the interfacial dome in an environment of density ρ2, conservation of buoyancy requires
g′iQi = g
′
dQd, g
′
i = g
(
ρi − ρ2
ρa
)
, g′d = g
(
ρd − ρ2
ρa
)
, (3.B.1)
where Qi and Qd are the fluxes of volume into and out of the dome, respectively. The
outflow from the dome through the annular region is turbulently mixed with the fluid
in the lower layer. As the upper and lower layers are (assumed) uniform, the density ρd
of the fluid entering the lower layer via the dome must equal ρ1. This is consistent with
our argument that the fountain’s downflow, which is fed by the outflow from the dome,
is fully incorporated into the lower layer (see §3.2.4). Noting that Qd = Qi + Qe and
substituting ρd = ρ1 in (3.B.1) yields
G′i =
g′i
∆g′
=
Qi +Qe
Qi
. (3.B.2)
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Figure 3.16: Entrainment flux Ei against the interfacial Froude number Fri for G′i = 1 (dashed
line) and when G′i is given by (3.B.2) (solid line). Solutions were obtained by varying the fountain
source Froude number Fr0 for buoyancy flux ratio ψ = −25 and source radius L = 0.1.
Owing to the dependence of g′i on Qe (and hence on Ei), it is no longer possible to
analytically solve (3.25) for Ei. To proceed, we non-dimensionalise the equation (3.31)
describing the entrainment mechanism. We recall that the two equations describing the
conservation of volume and momentum for the dome were combined to form a single
expression (3.25). Thus, the non-dimensional equations governing the entrainment flux
Ei across the interface are, from (3.25) and (3.31),
E2i + 2Ei =
2
3k4
zˆ5dG′i
Fr2i
− 2
3k2
zˆ3dG′i
Fr2i
− 1
k2
zˆ2d , Ei =
zˆ2d
k
(
Czˆ
1/2
d
Fri
+
pi
2
uˇ2
)
. (3.B.3)
Noting that zˆd, uˇ2 and G′i are given by (3.32), (3.21) and (3.B.2), respectively, we solve
(3.B.3) numerically to obtain Ei for a given {Fri, λi}. To calculate Fri and λi, we follow
the solution procedure outlined in §3.2.4. We vary the source Froude number Fr0 (for
constant ψ and L) and determine Ei from (3.B.3). Figure 3.16 plots Ei against Fri
for G′i = 1 and when G′i is given by (3.B.2). It is evident that the two solutions are
graphically indistinguishable for Fri . 0.6 and the difference between the solutions is less
than 4% even at relatively large Fri. Therefore, our simplifying assumption that G′i ≈ 1
has only a minor effect on the final solution. The major benefit of this simplification
is that it enables us to obtain an analytic solution (3.38) for Ei and, thereby, readily
deduce the scaling of Ei on Fri in the limits of small λi and large λi (see §3.3.1).
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Figure 3.17: Velocity uˇ2 of the secondary flow as a function of the interfacial Froude number
Fri for the confinement parameter λi = 0.15: our solution (solid line) is compared with the
experimental measurements of Ching et al. (1993) (◦)
3.C Appendix 3.C. Comparison of solutions with existing
experimental data
For the impingement of an axisymmetric jet/plume with an interface, the velocity u2
of the secondary flow induced by interfacial deflections has not, to our knowledge, been
reported. However, Ching et al. (1993) measured u2 for the interfacial impingements
of a line plume. Solely for the purpose of an order of magnitude comparison between
our theoretical predictions and experimental data, figure 3.17 plots our solution for uˇ2
as a function of Fri along with the data from Ching et al. (1993), for which λi = 0.15.
Due to the difference in geometry between our impinging flow (axisymmetric) and the
impinging flow (line) considered by Ching et al. (1993), the comparison in figure 3.17 is
not intended as a validation of our theory. Despite this difference, our predictions are
in good agreement with their data. Notably, the u2 ∝ Fri (3.21) relationship derived
is consistent with their scaling arguments. As anticipated based on our assumptions
(§3.2.2), our model marginally overpredicts u2.
4Turbulent plumes of unequal
strengths in an emptying filling-box
The contents of this chapter have been published in JFM, Shrinivas & Hunt (2014a).
Having examined the steady stratification established by a plume and a fountain in
an emptying filling-box, we now consider the complementary counterpart of this problem,
namely the scenario in which the direction of the fountain’s (negative) buoyancy flux is
reversed so that the box receives a continuous supply of solely positive buoyancy from
two plumes of unequal strengths. In other words, thus far we have analysed the case
where the source buoyancy flux ratio ψ < 0, whereas our attention now turns to ψ > 0.
With a view to broadening the scope of this study, we present two key extensions of our
works in chapters 2 and 3. First, we consider the more general situation where the inflow
into the box is driven by a naturally occurring pressure difference across an opening at
the base, as opposed to a mechanically forced inflow via the fountain source. Second,
having hitherto investigated problems wherein the background stratification persists in
a state of steady equilibrium, our focus is now centred around the transient density
stratification that develops following the activation of two turbulent plumes of unequal
strengths. Significantly, the time-dependent coupling between the dynamics of the two
plumes and the development of the stratification adds an additional tier of complexity
and gives rise to previously unidentified flow features with key practical implications.
As highlighted in chapter 1, localised entrainment across interfaces and the influence of
plumes on the environment as a whole are two intrinsic facets of plumes in a confined
stratified fluid. When two unequal plumes are introduced in an emptying filling-box,
these key facets of the problem are temporally interdependent. Therefore, it is necessary
to employ our entrainment models (from chapter 2) to establish the role of interfacial
entrainment and fully characterise the time evolution of the stratification.
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The activation of two non-interacting turbulent plumes of constant source buoyancy
fluxes B1 and B2 > B1 in an emptying filling-box gives rise to a three-layer stratification
comprised of two buoyant layers and a lower region at ambient density. In this chapter,
we develop a theoretical model to predict the time evolution of the dimensionless
depths Dj and mean buoyancies δj of the intermediate (j = 1) and top (j = 2) layers
responsible for driving a displacement flow through openings, at the top and base,
that connect the box to an unbounded external environment. The flow behaviour is
classified in terms of a stratification parameter S, a dimensionless measure of the relative
forcing strengths of the buoyant layers. When S ≪ 1, the intermediate layer is shallow
(small D1), whereas the top layer is relatively deep (large D2) and in this limit, δ1 and δ2
evolve on characteristically different time scales. This induces a time lag and gives rise to
a ‘buoyancy overshoot’, during which δ1 exceeds its steady value and attains a maximum;
a flow feature we refer to, in the context of a ventilated room, as ‘localised overheating’.
For a given source strength ratio ψ = B1/B2, we show that buoyancy overshoots are
realised for dimensionless opening areas A < Aos and are strongly dependent on the time
history of the flow. We establish the region of {A, ψ} space where rapid development
of δ1 results in δ1 > δ2, giving rise to a bulk overturning of the buoyant layers. Finally,
we discuss key implications of these results for the ventilation of a room.
4.1 Introduction
The filling-box and emptying filling-box problems have garnered considerable interest
in the last three decades, not least because the simplified models capture key features of
heat accumulation and airflow dynamics within buildings, relevant to aiding and guiding
the efficient design of naturally ventilated spaces. The models provide architects and
engineers with a means of predicting the internal thermal stratification resulting from
heat sources and the rate at which warm air is passively purged via ventilation openings
due to a net vertical flow driven by the naturally occurring forces of wind and buoyancy.
Currently, energy expenditure attributed to cooling modern commercial buildings using
mechanical ventilation and air-conditioning accounts for more than 50% of their total
electricity consumption (Wagner et al., 2007). Considerable efforts to better understand
building airflows have been fuelled by the potentially significant energy savings inherent
in the use of natural ventilation and the necessity to address environmental objectives on
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reducing carbon emissions. Filling-box models have also offered considerable insight in
oceanographic applications (see §1.3.3 for a further discussion).
This chapter theoretically examines the response of an emptying filling-box system
to the simultaneous activation of two unequal plumes in an initially unstratified ambient.
In the context of building airflows, this scenario captures the classic transition from an
unheated room to a heated room. We also consider a steady two-layer stratification first
established by a single plume and investigate the transient dynamics resulting from the
activation of a second, stronger or weaker, plume. This study addresses two pertinent
issues. First, in contrast to previous studies, the transient evolution of a stratification
between two characteristically different steady states has received little attention. The
problem has considerable practical significance as the thermal stratification in buildings
typically varies over a diurnal cycle due to changing patterns in occupancy and use of
electrical equipment at specific times. Second, in practice, the strengths of heat sources
within buildings may vary by at least an order of magnitude and range from relatively
weak (e.g. occupants and lighting) to relatively strong (e.g. computers and heaters).
Herein, we develop a mathematical model to predict the time-dependent stratification
established by two buoyant plumes of unequal strength and show that the difference in
forcing strengths can give rise to thermal discomfort for room occupants for a significant
duration of the transients, despite comfortable conditions at steady state.
Baines & Turner (1969) conducted the first fundamental investigation on buoyancy
driven flows within a closed box and developed a mathematical model to predict the
time-dependent stratification resulting from the continuous supply of buoyancy from a
localised source producing a turbulent plume. At large times, the stable density profile
in the environment remains fixed in shape while changing at a uniform rate in time
at all positions in space. Wong & Griffiths (1999) generalised this filling-box model to
account for multiple non-interacting sources of unequal strength.
If the box is connected to an external ambient of uniform density via openings at
the top and base, Kaye & Hunt (2004) showed that the density stratification which
develops internally is governed by the time-dependent balance between the ‘filling’ flow
attributed to the supply of buoyant fluid from rising turbulent plumes and a ‘draining’
flow responsible for purging buoyant fluid through the top opening(s). A single plume or
multiple (non-interacting) plumes of equal strength produce a deepening buoyant upper
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layer, separated from the layer at ambient density below by an interface.
When the filling and draining flows are exactly balanced, the plume maintains a
steady buoyant layer of uniform density. The steady flow theory of Linden et al. (1990)
shows that the dimensionless interface height ξss = hss/H (the subscript ‘ss’ denoting
steady state), in a box of height H, is independent of the source strength and satisfies
A∗
NC
3/2
P H2
=
(
ξ5ss
1− ξss
)1/2
, CP =
6αP
5
(
9αPpi
2
10
)1/3
, (4.1)
where N is the number of plumes of equal strengths and A∗ is an ‘effective’ opening
area, which Kaye & Hunt (2004) express as
1
A∗2
=
1
2c2ba
2
b
+
1
2c2t a
2
t
, (4.2)
for openings at the top and base of areas at and ab, respectively. The quantities cb and
ct are dimensionless coefficients that account for flow contraction and dissipative losses
associated with the inlet and outlet openings.
Kaye & Hunt (2004) identified that following the (simultaneous) activation of one or
more identical plumes, the interface may descend below the steady height resulting in
an ‘overshoot’. Subsequent studies of emptying filling-box flows that have considered
an instantaneous change in source strength (Bower et al., 2008), time-varying sources
(Economidou & Hunt, 2010) and effects of opposing winds (Coomaraswamy & Caulfield,
2011) have also demonstrated that the upper layer may overshoot its steady depth.
Cooper & Linden (1996) showed that the steady flow established by two plumes
of unequal strengths B1 and B2 > B1 is characterised by a three-layer stratification
(top, intermediate and lower layers) as depicted in the right-hand column of figure 4.1.
They showed that the two steady interface positions (ξ1,ss = h1,ss/H, ξ2,ss = h2,ss/H)
are dependent only on the dimensionless area A∗/(C
3/2
P H
2) and the buoyancy flux ratio
ψ = B1/B2. Inherent in this problem is the influence of the intermediate layer on plume
behaviour. Firstly, the stronger plume (of source strength B2) experiences a reduction
in buoyancy flux at the lower interface due to the density change in the environment.
Secondly, the weaker plume rises within the intermediate layer as a dense fountain and
providing its rise height exceeds the (intermediate) layer depth, it impinges on the upper
interface and turbulently entrains, downwards, a volume flux Qe from the top layer.
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Whilst it is possible to account for the change in B2 and the entrainment flux Qe,
Linden & Cooper (1996) showed that in their absence, the analytic solution
A∗
C
3/2
P H2
=
ξ
5/2
2,ss[
1− ξ2,ss(1− Λ)− ξ1,ssΛ
]1/2 , (4.3)
(
ξ2,ss
ξ1,ss
)5/3
=
1 + ψ1/3
(1 + ψ)1/3
, Λ =
g′1,ss
g′2,ss
=
ψ2/3(1 + ψ1/3)
1 + ψ
, (4.4)
provides an accurate prediction of the lower interface position ξ1,ss for ψ > 0 and a
reasonably good prediction of the upper interface position ξ2,ss for 0 < ψ < 0.4. In (4.3)
and (4.4), the buoyancy of layer j (= 1, 2) is denoted g′j,ss = g(ρa − ρj,ss)/ρa, where ρa
is the density of the external ambient and ρj,ss is the steady density of layer j.
Whilst the steady displacement flow driven by two unequal plumes is well understood
through the work of Cooper & Linden (1996), we raise the question: what happens to
the layer depths and their buoyancies in the lead up to this equilibrium state? In §4.2,
by neglecting the reduction in B2 and the entrainment flux Qe, we develop a simplified
theoretical model that predicts the interior stratification and the volume flux through
the box leading to steady state. We analyse the model predictions in §4.3 and present a
theory on buoyancy overshoots that elucidates the reasons why the mean buoyancy of
the intermediate layer exceeds its steady value during the transients. Physical arguments
are provided for another key flow feature identified by our model, namely, the bulk
overturning of the buoyant layers. Furthermore, time-dependent models for the system
that account for the entrainment flux Qe and the reduction in B2 are presented in §4.4
and Appendix 4.A. We show that the transient dynamics are typically little affected by
the reduction in B2. By employing our entrainment models from chapter 2, we establish
the role of interfacial entrainment in the problem. Conclusions are drawn in §4.6.
4.2 A theoretical model for unequal plumes in an emptying
filling-box
We examine the time-dependent stratification and buoyancy-driven flow established by
two continuous, floor-level (z´ = 0) point sources of unequal strength that give rise to
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Figure 4.1: Schematics show ‘filling’ (top panels), ‘ascending’ (centre panels) and ‘descending’
(lower panels) flows established by plumes of unequal strength (labelled as ‘weak’ and ‘strong’).
The left-hand column of schematics illustrates the three initial states, the centre column an
instant during the transients, and the right-hand column the steady state.
turbulent, Boussinesq, non-interacting, axisymmetric pure plumes of constant source
buoyancy flux B1 and B2 > B1. The finite region of interest is a box of height H and
cross-sectional area S (independent of H) that connects to an unbounded stationary
ambient of constant, uniform density ρa via openings of area at at the top and ab at
the base. Following Cooper & Linden (1996) we postulate that the unequal plumes
establish a three-layer stratification comprised of two buoyant layers and a lower region
at ambient density.
4.2.1 ‘Filling’, ‘ascending’ and ‘descending’ flows
The stratification may develop in several distinct ways depending on the sequence in
which the plumes are activated. Initiating both plumes simultaneously at t = 0 when
the interior is at ambient density, gives rise to what we shall refer to as a ‘filling’ flow.
Initially, both plumes ascend to the top of the box and their outflows spread laterally
as gravity currents, subsequent to which, the stronger plume’s outflow rises over that of
the weaker plume to establish a stable stratification (Wong & Griffiths, 1999). The two
interfaces formed descend as the buoyant layers deepen, filling the box; see figure 4.1(a).
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If, instead, a plume of strength B2 has established a steady two-layer stratification
with a density interface at a height z´ = h10, activation at t = 0 of a weaker source,
of buoyancy flux B1 < B2, introduces a second turbulent plume that is cooler at all
heights above the source. Initially, the upper layer is uniform and of a density equal to
that in the strong plume at the height of the interface. Consequently, upon penetrating
the interface, the weaker plume becomes negatively buoyant and its upward motion is
terminated. The outflow from this weaker plume spreads laterally along the interface at
z´ = h10 to form an intermediate layer which is fed with increasingly buoyant fluid as the
original (lowermost) interface descends. The intermediate and top layers are separated
by the newly formed interface at height z´ = h2(t). The stronger plume rises through
both interfaces and discharges fluid continuously into the top layer. Two mechanisms
contribute to the top layer’s depletion: entrainment by the weaker plume (see §4.4) and
fluid vented out via the top opening(s). As the flow evolves, the new interface ascends
and hence, we refer to flows of this type as ‘ascending’ flows; see figure 4.1(b).
If, in contrast, a steady two-layer flow is first established by the weaker plume,
activation at t = 0 of a second, stronger source gives rise to a turbulent plume that, on
reaching the interface at height z´ = h10, is positively buoyant relative to the original
upper layer. Therefore, the stronger plume forms a new layer at the top of the box with
a density interface, established at height h2(t), separating the now intermediate layer
and new top layer. As the flow evolves, both interfaces descend and hence, we refer to
flows of this type as ‘descending’ flows; see figure 4.1(c).
4.2.2 Model development and assumptions
A key feature of all three flows (filling, ascending and descending) is that bulk fluid
transport across the two interfaces only occurs as a result of turbulent entrainment by
the plumes/fountain. All three layers are assumed to be well-mixed and of uniform
density at each time instant and therefore, instantaneous mean buoyancies,
g′1(t) = g
(
ρa − ρ1(t)
ρa
)
, g′2(t) = g
(
ρa − ρ2(t)
ρa
)
, (4.5)
are assigned to layers 1 and 2, respectively, figure 4.2. This assumption implies that
the plume supplying a given buoyant layer induces instantaneous and ‘complete’ mixing
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Figure 4.2: Schematic of an emptying filling-box with two non-interacting plumes of unequal
strength (B1 < B2) at z´ = 0, showing nomenclature and the basic three-layer stratification at
some time after activation of the plumes at t = 0.
of the fluid within the layer, thus producing a uniform distribution of buoyancy over
the layer depth. As noted by Coomaraswamy & Caulfield (2011), this is a reasonable
assumption when the time scale for the mixing (driven by the plume) is small compared
with the time scale for the development of the layer thickness. Previous studies have
shown that theoretical predictions are typically in good agreement with experimental
results when the uniform layer assumption is adopted (see Kaye & Hunt (2004); Bower
et al. (2008) for a detailed discussion). Nevertheless, it is an idealisation and we expect
the stratification within layers 1 and 2 to be closer to that of a filling-box (Baines &
Turner, 1969) during the early transients. Conceptually, one may regard the well-mixed
buoyant layers modelled as regions within the box where the fluid motion predominantly
originates from, and is dominated by, an individual plume; layer 2 bounds the region in
which the flow is primarily controlled by the stronger plume and layer 1 characterises
the vertical extent over which the flow is primarily controlled by the weaker plume.
The equations governing the interface positions (h1, h2) and mean buoyancies (g
′
1, g
′
2)
are developed for a generic three-layer stratification (figure 4.2) and the three flow
types are defined by unique sets of initial conditions. Typically, one expects the outflow
thicknesses of the strong and weak plumes, bs and bw, respectively, to be non-zero. Wong
& Griffiths (1999) found that 0.2 . bs/H . 0.25, whereas shear layers generated by the
stronger plume outflow influenced the spreading of the weaker plume outflow and, hence,
estimates of bw were not reported. We ignore the details of the laterally spreading gravity
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currents and plume-outflow interaction and, for simplicity, apply the classic filling-box
assumption of Baines & Turner (1969), namely that an infinitesimally thin layer forms,
as a result of the source activated, at t = 0. As we will see (e.g. figure 4.3), the layer
depths develop rapidly (certainly at rates greater than the buoyancies), exceeding the
expected outflow thicknesses (Wong & Griffiths, 1999) early in the transients and within
fractions of a Baines & Turner (1969) filling-box time scale (4.26).
Overturning of the plume outflow, resulting from its impingement with the vertical
side boundaries, is neglected and this places restrictions on the aspect ratio H/W of
the box, whereW is the box width. Following Barnett (1991) and Kaye & Hunt (2007),
we limit our attention toH/W . 1. Furthermore, we assume that there are no buoyancy
exchanges with the boundaries of the box, as considered by Holford & Woods (2007)
and Lane-Serff & Sandbach (2012).
We assume that the flow remains uni-directional (i.e. in through the base opening
and out through the top opening) and that there is no interfacial mixing caused by the
inflowing jet of ambient fluid, via the base opening(s), impinging on the lower interface.
Hunt & Coffey (2010) showed that two Froude numbers, Frb and Frt, associated with
the flows through the base and top openings, determine the vigour of interfacial mixing
and flow direction. To achieve a classic displacement flow, Frb < 0.67 and Frt > 0.33.
This places restrictions on at/H
2 and ab/H
2, which are given in Hunt & Coffey (2010).
Besides the geometry, also controlling the flow within the box are the two plumes,
whose dynamics are influenced by the intermediate layer. The stronger plume’s buoyancy
flux reduces from B2 to B˘2 due to the density change in the environment at z´ = h1.
Fluid from the weaker plume rises within layer 1 as a dense fountain and providing its
rise height exceeds the depth of layer 1, it impinges on the upper interface and entrains
a volume flux Qe from layer 2. However, following Linden & Cooper (1996), we first
ignore the aforementioned effects and develop a theoretical model assuming that the
buoyancy flux of the stronger plume is unchanged as it rises up to a height h2 (so that
B˘2 = B2) and that Qe = 0. These two simplifications greatly aid the analysis of the flow
behaviour and provide a convenient means of fully comprehending the rich dynamics.
In §4.4 and Appendix 4.A, we extend our model by incorporating the entrainment flux
across the upper interface and the stronger plume behaviour in layer 1. We show that,
in general, these features have a minor effect on the layer depths and buoyancies.
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Assuming an incompressible flow, conservation of volume for layer 2 requires
d
dt
[S (H − h2)] = Q22 −Qt, (4.6)
where Qt denotes the volume flux through the box (figure 4.2) and Q22 the volume flux
in plume 2 at interface 2. The stronger plume entrains a volume flux (Q22 −Q21) from
layer 1 between heights h1 and h2. Thus, conservation of volume for layer 1 requires
d
dt
[S (h2 − h1)] = Q11 − (Q22 −Q21). (4.7)
Substituting for dh2/dt from (4.6), the time rate of change of h1 is, from (4.7),
dh1
dt
=
Qt −Q11 −Q21
S
. (4.8)
Conservation of buoyancy for layer 2 requires
d
dt
[
Sg′2 (H − h2)
]
= Bin,2 −Bout,2, (4.9)
where Bout,2 = Qtg
′
2 is the flux of buoyancy expelled through the top opening and Bin,2,
which denotes the buoyancy flux supplied to layer 2, is comprised of (a) the stronger
plume’s source buoyancy flux B2 and (b) the flux of buoyancy g
′
1(Q22 −Q21) entrained
from layer 1 by the stronger plume, so that Bin,2 = B2 + g
′
1(Q22 − Q21). Introducing
these expressions for Bin,2 and Bout,2 in (4.9), gives the time rate of change of g
′
2:
dg′2
dt
=
B2 + g
′
1(Q22 −Q21)− g′2Q22
S(H − h2) . (4.10)
Similar buoyancy conservation arguments for layer 1 give
d
dt
[
Sg′1 (h2 − h1)
]
= Bin,1 −Bout,1, (4.11)
where Bin,1 = Q11G
′
11 is the buoyancy flux supplied by the weaker plume at z´ = h1 and
Bout,1 = g
′
1(Q22 −Q21) is the buoyancy flux removed by the stronger plume. Here G′11
denotes the mean buoyancy of the weaker plume at z´ = h1. Substituting for Bin,1 and
Bout,1, and for dh1/dt and dh2/dt from (4.8) and (4.6), the time rate of change of g
′
1 is
dg′1
dt
=
B1 −Q11g′1
S(h2 − h1) . (4.12)
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To close the problem, we require expressions for the volume fluxes within the plumes
(Q11, Q21 andQ22) and the volume flux through the box (Qt). For pure turbulent plumes,
their time-averaged volume fluxes at z´ = h1 can be expressed (Morton et al., 1956) as
Q11 = CPB
1/3
1 h
5/3
1 , Q21 = CPB
1/3
2 h
5/3
1 . (4.13)
As in chapter 3, we take αP = 0.117 and, hence, CP ≈ 0.14 (4.1). To quantify Q22, we
invoke the assumption that the buoyancy flux B2 of the strong plume is unchanged as
it rises through layers 0 and 1. Accordingly, at the height of the upper interface z´ = h2,
the buoyancy flux within the strong plume is comprised of the source buoyancy flux B2
and the flux of non-zero buoyancy g′1(Q22−Q21) entrained from layer 1 over the height
(h2 − h1), i.e. B22 = B2 + g′1 (Q22 −Q21). Thus, from plume theory,
Q22 = CPB
1/3
22 h
5/3
2 = CP
[
B2 + g
′
1(Q22 −Q21)
]1/3
h
5/3
2 . (4.14)
Evidently, Q22 depends on B2 and the buoyancy flux entrained from layer 1 (the second
term in the parenthesis of (4.14)). This can be rewritten as a cubic in Q22:
Q322 −
(
C3Ph
5
2g
′
1
)
Q22 + C
3
Ph
5
2
(
g′1Q21 −B2
)
= 0. (4.15)
The cubic has only one positive root and hence, there exists only one physical solution
for Q22 for t > 0. In Appendix 4.A, we use plume theory of Morton et al. (1956) to
analyse the strong plume within layer 1 and account for the reduction in B2 to estimate
Q22. Following Cooper & Linden (1996), the volume flux through the openings
Qt = A
∗
(∫ H
0
g′(z´, t) dz´
)1/2
= A∗
√
g′1(h2 − h1) + g′2(H − h2). (4.16)
At this stage, it is convenient to non-dimensionalise the governing equations; interface
heights are scaled on H, layer buoyancies on the buoyancy within the strong plume at
z´ = H in an ambient of density ρa, the opening area A
∗ on the square of H and the
constant CP, and the weak plume buoyancy flux on the strong plume buoyancy flux:
ξ1 =
h1
H
, ξ2 =
h2
H
, δ1 =
g′1
B
2/3
2 C
−1
P H−5/3
, δ2 =
g′2
B
2/3
2 C
−1
P H−5/3
, (4.17)
A =
A∗
C
3/2
P H2
, ψ =
B1
B2
. (4.18)
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We note that A = 0 corresponds to the unventilated filling-box scenario considered by
Wong & Griffiths (1999) in which the openings are closed, i.e. at = ab = 0. We scale
the volume fluxes of interest on the volume flux within the stronger plume at z´ = H in
an ambient of uniform density ρa:
Q11 = Q11
CPB
1/3
2 H
5/3
= ψ1/3ξ
5/3
1 , Q21 =
Q21
CPB
1/3
2 H
5/3
= ξ
5/3
1 , Qt =
Qt
CPB
1/3
2 H
5/3
.
(4.19)
The cubic in Q22, (4.15), reduces to
Q322 −
(
δ1ξ
5
2
)Q22 + ξ52 (δ1ξ5/31 − 1) = 0, (4.20)
and the dimensionless volume flux through the box to
Qt = A
√
δ1(ξ2 − ξ1) + δ2(1− ξ2). (4.21)
When examining the time evolution of the stratification, it is insightful to consider (a) the
non-dimensional depths of the buoyant layers so that for layers 1 and 2, respectively,
D1 = ξ2 − ξ1, D2 = 1− ξ2, (4.22)
and (b) the integral of the buoyancy of each layer over its depth,
∆1 =
CPH
2/3
B
2/3
2
∫ h2
h1
g′(z´, t) dz´ = D1δ1, ∆2 =
CPH
2/3
B
2/3
2
∫ H
h2
g′(z´, t) dz´ = D2δ2, (4.23)
i.e. ∆1 and ∆2 give the (non-dimensional) net buoyancy per unit cross-sectional area
of each layer. Thus, the net buoyancy within the box (per unit cross-sectional area) is
∆N = ∆1 +∆2. (4.24)
For convenience, we herein refer to ∆1, ∆2 and ∆N as ‘net buoyancies’.
Hunt & Linden (2001) showed that the relative strengths of two forces (e.g. buoyancy
and wind) driving a displacement flow may be characterised by the relative magnitudes
of the fluid velocities they induce within the box. Accordingly, we introduce a ratio, S, of
the characteristic buoyancy-induced velocity of layer 1
(√
∆1
)
to the buoyancy-induced
velocity of layer 2
(√
∆2
)
, namely
S =
√
∆1
∆2
, (4.25)
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to characterise the relative contributions of the two buoyant layers in driving the overall
flow through the box. For S ≪ 1 buoyancy forces produced by layer 2 dominate the
fluid motion, whereas for S ≫ 1, layer 1 produces the dominant forcing. We interpret
S as a stratification parameter, which, as we shall see, provides a convenient means of
classifying the dynamics and the development of the stratification.
We find that the time scales on the filling-box time scale TF and introduce the
dimensionless time
τ =
t
TF
, where TF =
S
CPB
1/3
2 H
2/3
. (4.26)
Here TF is the characteristic time associated with the stronger plume filling a closed
box of height H and cross-sectional area S.
The non-dimensional forms of the governing equations are now
dξ1
dτ
= A∆
1/2
N −
(
ψ1/3 + 1
)
ξ
5/3
1 ,
dξ2
dτ
= A∆
1/2
N −Q22, (4.27a, b)
dδ1
dτ
=
ψ − ψ1/3δ1ξ5/31
D1
,
dδ2
dτ
=
1 +Q22(δ1 − δ2)− δ1ξ5/31
D2
. (4.28a, b)
4.2.3 Initial conditions
For filling flows, the initial conditions are:
ξ10 = 1, ξ20 = 1, δ10 = ψ
2/3, δ20 = 1, (4.29)
where the second subscript ‘0’ denotes the quantity at t = 0. For ascending flows:
ξ510+A
2ξ10−A2 = 0 (from (4.1)), ξ20 = ξ10, δ10 = ψ2/3ξ−5/310 , δ20 = ξ−5/310 . (4.30)
For descending flows, ξ10 and δ10 are given by (4.30) and
ξ20 = 1, δ20 =
[
1 + δ10
(
Q22(τ = 0)− ξ5/310
)]2/3
. (4.31)
Solution of the governing equations, (4.27) and (4.28), subject to these initial conditions
was achieved using a fourth-order Runga-Kutta finite-difference scheme.
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4.3 Theoretical predictions and analysis of results
The time-dependent behaviour of the two interfaces and mean layer buoyancies for a
typical filling, ascending and descending flow are shown in figures 4.3, 4.4 and 4.5,
respectively. As expected, at large times, our transient model predictions approach the
steady solutions, (4.3) and (4.4), of Linden & Cooper (1996). For the values of A and
ψ considered, δ2 > δ1 for all τ ≥ 0 and, hence, the stratification is stable. In §4.3.7 we
identify the region of {A, ψ} space for which δ2 < δ1, resulting in a bulk overturning.
Two features of interest associated with the stratification can be identified from
figures 4.4(a) and 4.4(b). First is the overshoot of the lower interface, typically observed
in emptying filling-box flows (Hunt & Linden (1998); Kaye & Hunt (2004)), in which
ξ1 < ξ1,ss. We note from the measurements of Hunt & Linden (1998) that the density
profile in the buoyant layer is close to uniform before overshoot. Given that our interface
overshoots first occur within one filling-box time scale (4.26), the assumption of uniform
layers (§4.2.2) is expected to only influence the very early transients. The second feature
of interest is an overshoot in the mean buoyancy of the intermediate layer, a previously
unidentified phenomenon. We define this buoyancy overshoot as occurring when
δ1 > δ1,ss. (4.32)
In the context of a ventilated room, a buoyancy overshoot is synonymous with a thermal
overshoot and can result in occupants experiencing higher temperatures than designed
for based on the predictions of a steady model, as is standard in design practice. As this
phenomenon is confined to the intermediate layer, occupants would experience ‘localised
overheating’. Attention is also drawn to the significant duration (approximately three
filling-box time scales in figure 4.4(b)) for which δ1 > δ1,ss. Filling and descending flows
also exhibit buoyancy overshoots, as illustrated in figures 4.3(b) and 4.5(b), respectively.
A key question raised by this result is under what circumstances does δ1 overshoot its
steady value? In the following sections, we deduce that two conditions govern buoyancy
overshoots and show that, for a given ψ, there exists a critical area A = Aos (‘os’ reading
‘overshoot’) such that δ1 > δ1,ss for A < Aos. The results we present in the following
figures are based on ascending flows and the values of {A, ψ} are chosen so as to clearly
illustrate the aspect of the flow under consideration. We later compare ascending and
filling flows to show that our theory on buoyancy overshoots applies to both these flows.
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Figure 4.3: (a) Interface positions ξ1, ξ2 and (b) mean buoyancies δ1, δ2, for a filling flow
when A = 0.3 and ψ = 0.5. The dashed lines are the steady solutions (4.3) and (4.4).
Figure 4.4: (a) Interface positions ξ1, ξ2 and (b) mean buoyancies δ1, δ2, for an ascending flow
when A = 0.3 and ψ = 0.7. The dashed lines are the steady solutions (4.3) and (4.4).
Figure 4.5: (a) Interface positions ξ1, ξ2 and (b) mean buoyancies δ1, δ2, for a descending flow
when A = 0.2 and ψ = 0.5. The dashed lines are the steady solutions (4.3) and (4.4).
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Figure 4.6: Layer depths (a) D1 and (b) D2 for A = {0.4, 0.8, 1.1, 1.6} and ψ = 0.7.
4.3.1 Development of the stratification for ascending flows
Figures 4.6(a) and 4.6(b) plot the intermediate and top layer depths, D1(τ) and D2(τ),
for four values of A. When A is relatively large (e.g. A = 1.6), the stratification at large
times is characterised by a thin top layer and a relatively deep intermediate layer. The
initial interface positions ξ10 (= ξ20) are located at higher elevations when A is relatively
large and, specifically, layer 2 occupies a small fraction of H. Consequently, the weaker
plume rises to greater heights and, hence, supplies fluid of relatively low buoyancy
at higher volume flow rates to layer 1 with increasing A. As a result, layer 1 initially
deepens at a rapid rate. In contrast, layer 2 thins due to the increase in the net buoyancy
∆N (4.24) within the box and, hence, in the volume flux Qt purged from layer 2. Figure
4.6(a) shows that D1 increases to occupy approximately 25% of H, whereas D2 reduces
threefold to less than 7% of H (figure 4.6(b)) and hence, D1,ss > D2,ss.
This highlights a practical result that may have appeared somewhat counter-intuitive
at first sight, namely, that introducing a second heat source in a room with relatively
large opening areas will potentially improve interior conditions; the original warm air
layer thins significantly and a new deeper, but cooler, intermediate layer forms. Thus,
occupants exposed to the original warm layer would experience lower temperatures
despite the activation of an additional heat source.
When A is relatively small, the stratification at large times is characterised by a deep
top layer and a relatively shallow intermediate layer (e.g. figure 4.6 for A = 0.4). As
A decreases, layer 2 initially occupies a larger fraction of H. Consequently, the weaker
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Figure 4.7: Net buoyancies: (a) ∆1/∆N,ss, (b) ∆2/∆20 for A = {0.4, 0.8, 1.1, 1.6} and ψ = 0.7.
plume rises a relatively short distance from the source before impingement with the
interface. This results in the supply of buoyant fluid at low volume flow rates, yielding
thin intermediate layers which deepen slowly. As before, layer 2 thins albeit at an ever
decreasing rate as A decreases, i.e. initially deep top layers remain deep; note the near
horizontal slope of the curves in figure 4.6(b) and that D2 ≈ D20 as A → 0.
These results show that the evolution of the layer depths is strongly dependent on A
which, as we shall see, also influences the way in which the net buoyancy within the box
is apportioned between layers 1 and 2. To this end, figure 4.7(a) shows ∆1 as a fraction
of ∆N,ss. It is also informative to consider the evolution of ∆2 relative to its initial net
buoyancy ∆20 = ∆2(τ = 0), as plotted in figure 4.7(b). Depending on A, ∆2 can develop
in four characteristically different ways – two in which the top layer is depleted of net
buoyancy (scenarios I and II) and two in which there is a net buoyancy gain (scenarios
III and IV). Scenario I classifies the response where ∆2(τ) < ∆20 for τ > 0. For example,
when A = 1.6, layer 2 loses more than 40% of its initial net buoyancy as the flow nears
steady state, thus giving rise to a weak contribution to the total driving force (figure
4.7(b)), whereas ∆1 contributes more than 70% of ∆N,ss and, hence, layer 1 is dominant.
Scenario II occurs when ∆2 increases for small τ , but subsequently decreases such that
∆2,ss < ∆20. Other values of A (e.g. A = 0.8) induce a scenario III response where ∆2
reduces after reaching a maximum, but ∆2,ss > ∆20. Finally, scenario IV, which occurs
for small A, results in ∆2 increasing monotonically so that ∆2(τ) > ∆20. For example,
when A = 0.4, layer 1 imposes a weak driving force, finally contributing only 20% to
∆N,ss, whereas ∆2 increases by 25% and layer 2 provides the dominant forcing.
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Figure 4.8: (a) Stratification parameter S(τ) for A = {0.2, 0.8, 1.4, 1.6} and ψ = 0.7. (b) Sss as
a function of A for ψ = {0.2, 0.4, 0.6}. Shaded areas show S < 1, i.e. when layer 2 is dominant.
The role of A in the development of these four scenarios is evident on considering the
two end-members, namely, scenario I (attained for large A) and scenario IV (attained for
small A). For scenario IV, the flow may be regarded as being ‘choked’ by the small top
opening; the box is predominantly ‘filling’ (cf. the limit of a true filling-box as A → 0)
and thus, retains relatively large net buoyancy. For scenario I, there is greatly reduced
choking and buoyant fluid is, by contrast, free to escape through the large top opening;
the box is predominantly ‘emptying’ and thus, retains relatively little net buoyancy.
Hence, increased choking increases ∆N (for small A, the majority of ∆N accumulates
within layer 2 (figure 4.7)). Indeed, as A decreases, and thus the choking is enhanced,
there is a strengthening interplay between the box-emptying and box-filling mechanisms,
resulting in the more complex behaviours seen in scenarios II and III.
The transient behaviour can be elegantly captured via the stratification parameter
S =
√
∆1/∆2, which we recall (4.25) is a measure of the relative contributions of layers 1
and 2 in driving the overall flow through the box. Figure 4.8(a) shows S(τ) and figure
4.8(b) shows the stratification parameter at steady state, Sss, against A.
For S(τ) ≪ 1 and Sss ≪ 1, layer 2 provides the dominant forcing and this occurs
when A is relatively small. This is in accord with our previous result that for small A,
layer 2 gains net buoyancy (∆2 > ∆20) and thereby imposes a strong driving force.
Thus, when S ≪ 1 an initially deep top layer remains deep and at steady state is of
high net buoyancy (∆N,ss−∆2 ≪ 1), whereas the intermediate layer formed is relatively
shallow and of low net buoyancy (∆1/∆N,ss ≪ 1); figure 4.9(a).
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Figure 4.9: Schematics show the development of the stratification when (a) S ≪ 1 and (b)
S ≫ 1. The left-hand column illustrates the initial state (τ = 0) and the right-hand column the
steady state (τ = τss). The lengths HV0 and HV,ss are explained in §4.3.3.
For S(τ) ≫ 1 and Sss ≫ 1, layer 1 produces the dominant forcing and this occurs
when A is relatively large, again consistent with the argument that for large A, layer 2
loses net buoyancy (∆2 < ∆20) and thereby imposes a weak driving force. Thus, when
S ≫ 1, an initially shallow top layer at τ = 0 thins significantly as the flow approaches
steady state. Moreover, this top layer has low net buoyancy (∆2/∆N,ss≪ 1), whereas the
intermediate layer formed is relatively deep and of high net buoyancy; figure 4.9(b).
4.3.2 Overshoot of the lower interface
The lower interface overshoots its steady height if the outflow (i.e. via the top opening)
volume and buoyancy fluxes driven by the buoyant layers do not equal the corresponding
fluxes supplied to the layers at the instant τ = τover < τss when ξ1 first attains ξ1,ss.
For the ψ = 1 case, beginning with an initially uniformly cool box (δ(Z´, τ = 0) = 0)
for 0 ≤ Z´ ≤ 1, where Z´ = z´/H), Kaye & Hunt (2004) established that this imbalance
between box filling and box draining was due to insufficient layer buoyancy at the instant
the ultimate steady interface level was first reached.
For the ψ 6= 1 problem, it is informative to determine the net buoyancy of the bulk
buoyant layer, comprised of layers 1 and 2, at the time instant τ = τover (i.e. when an
interface overshoot first occurs), denoted as ∆N,over, and its value at steady state, ∆N,ss.
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Figure 4.10: Net buoyancies ∆N,over and ∆N,ss as a function of A for ψ = 0.5.
Figure 4.10 plots ∆N,over and ∆N,ss as a function of A for ψ = 0.5. For relatively small A,
∆N,over < ∆N,ss, that is the bulk buoyant layer at τ = τover has insufficient net buoyancy,
relative to the steady-state value, in order to drive a displacement flow that equals the
fluxes of volume and buoyancy supplied by the two plumes. Therefore, for τ > τover,
the bulk buoyant layer continues to thicken resulting in ξ1 < ξ1,ss, i.e. overshooting its
steady position. As A decreases, the difference |∆N,ss − ∆N,over| increases, giving rise
to larger interface overshoots. As A increases, the difference diminishes, indicating that
the box filling and box draining flows are closely balanced at τ = τover; for sufficiently
large A, ∆N,over = ∆N,ss and hence, no interface overshoot occurs.
4.3.3 Buoyancy overshoots
Buoyancy overshoots (4.32) are intrinsically linked to the time evolution of ∆1 and ∆2,
occurring when δ2 develops at a significantly slower rate than δ1, such that a sufficient
time lag is induced. Consequently, δ1 first attains its steady value at an earlier time
than δ2 and subsequently overshoots δ1,ss before relaxing back to equilibrium.
We examine ascending flows to show that two conditions must be satisfied to induce
the time lag and produce a buoyancy overshoot. In §4.3.6, we show that the two
conditions also apply for filling flows (figure 4.1(a)). For the purposes of the following
discussion, we restrict our attention to ‘small’ opening areas and establish in §4.3.5 the
range of values of A that may be regarded as small.
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Figure 4.11: (a) Virtual box height HV0 = HV(t = 0)/H as a function of A. (b) Ratio of
buoyancy time scales Tδ1/Tδ2 as a function of A for ψ = 0.6.
Buoyancy overshoot condition 1
When A is small, the upper interface is low within the box, h2 ≪ H. Consequently, the
rise of the weaker plume is restricted by the presence of this interface and thus, may be
regarded as being within the confines of a virtual box of reduced height HV = HV/H < 1;
a height which has a value HV0 = ξ10 at τ = 0 (see figure 4.9(a)). Here, the non-italic
subscript ‘V’ reads ‘virtual’. Figure 4.11(a) plots HV0 as a function of A and evidently,
HV0 rapidly decreases as A reduces. From plume theory, G
′
11 ∝ h−5/31 and Q11 ∝ h5/31
and hence, the weaker plume supplies fluid of relatively high buoyancy at low volume
flow rates to fill an increasingly short virtual box as A decreases. Of course, HV increases
with τ as a result of ξ2 ascending (figure 4.4(a)). However, as previously established,
D2(τ) ≈ D20 for relatively small opening areas A (figure 4.6(a)) and thus, HV ≈ HV0 for
τ > 0. Therefore, the upper interface effectively acts as a rigid boundary in terms of the
development of layer 1; figures 4.11(a) and 4.6(b) show that HV ≈ 0.55 when A = 0.4,
restricting layer 1 to form within approximately half the box.
Confining the weaker plume in short virtual boxes results in the formation of shallow
intermediate layers (figure 4.6(a)) of low net buoyancy ∆1/∆N,ss (figure 4.7(a)). Thus,
S ≪ 1 and it becomes necessary for layer 2 to respond to the activation of the additional
plume. A response must occur, as the system, perturbed from a steady state at τ = 0
by the input of an additional buoyancy flux B1, needs to adjust so as to increase the
buoyancy flux out of the top opening to equal the total (B1 + B2) input and, thereby,
establish a new equilibrium. Layer 2 undergoes a significant increase in buoyancy (not
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in depth, see figure 4.6(b)). In other words, the top layer warms to increase the driving
force it provides. As a result, ∆2 evolves as per scenario III or IV, i.e. ∆2(τ)/∆20 > 1
and there is a net buoyancy gain within layer 2 (figure 4.7(b)). We note that a scenario II
response results in ∆2/∆20 > 1 only for small τ . Given that the time duration for which
∆2/∆20 > 1 is small compared with the time taken for the layer buoyancies to attain
equilibrium, scenario II flows do not exhibit a buoyancy overshoot. Moreover, flows of
this type, established only when A is large such that Sss ≈ 1, result in a depletion of
the top layer’s initial net buoyancy, i.e. ∆2,ss/∆20 < 1. Hence, the first condition that
must be satisfied for there to be the possibility of a buoyancy overshoot stipulates
φ(τ) =
∆2(τ)
∆20
=
D2(τ)δ2(τ)
D20δ20
> 1 for all τ > 0. (4.33)
This is a necessary but not sufficient condition to produce an overshoot in δ1. Note that
figure 4.7(b) shows φ(τ) and evidently, (4.33) is satisfied only whenA is sufficiently small.
The first condition (4.33) has direct implications for the rates at which δ1 and δ2 develop,
and leads us to the second condition.
Buoyancy overshoot condition 2
Given the deep top layer thins (we recall that D2(τ) < D20, figure 4.6(b)), its buoyancy
δ2 must increase in order for ∆2 = D2δ2 to increase and satisfy (4.33). For small A,
D2(τ) ≈ D20 (figure 4.6(b)) and from (4.33), φ(τ) ≈ δ2(τ)/δ20 and φss ≈ δ2,ss/δ20.
Moreover, as A decreases, both φ(τ) and φss increase. Consequently, the increase in δ2
required to re-establish equilibrium becomes larger; this is evident in figure 4.7(b) where
we note that the vertical axis denotes φ ≈ δ2/δ20 when A is small. As a result, δ2 evolves
over a relatively long time scale prior to attaining its steady value δ2,ss. In contrast,
δ1 increases at a relatively rapid rate as layer 1 forms in close proximity to the weaker
plume source (owing to a short virtual box) and, hence, takes a considerably shorter
time to attain its steady value δ1,ss. This coupled effect gives rise to a time lag.
To provide further physical insight into this time lag, we consider the time scales
that characterise the buoyancy development within layers 1 and 2, namely,
Tδ1 =
√
V
1/3
1
G′1|z´=HV
=
S1/6HV
B
1/3
1
, Tδ2 =
√
V
1/3
2
G′2|z´=H
=
S1/6H(1−HV)1/6
B
1/3
2
. (4.34)
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Figure 4.12: Time lag τlag as a function of A. Shaded area shows when δ2 lags behind δ1.
Here Tδ1 is the characteristic time for the (unventilated) virtual box of volume V1 = SHV
to fill with fluid of buoyancy equal to that in the weak plume at z´ = HV, and Tδ2 the
characteristic time for layer 2 of volume V2 = S(H −HV) to fill with fluid of buoyancy
equal to that in the strong plume at z´ = H. The ratio of the buoyancy time scales is
Tδ1
Tδ2
=
1
ψ1/3
HV
(1−HV)1/6
. (4.35)
Figure 4.11(b) plots Tδ1/Tδ2 as a function of A for ψ = 0.6 taking HV = HV0. Evidently,
when A is small, Tδ1/Tδ2 ≪ 1, thus δ1 evolves over a short time scale compared with δ2.
To complement these scalings, we found (from the numerical solutions to (4.27) and
(4.28)) the actual time taken for the mean layer buoyancies to first reach 99% of their
steady values (τss,δ1, τss,δ2), and determined the time lag, defined as their difference,
τlag = τss,δ2 − τss,δ1. (4.36)
Plots of τlag as a function of A for ψ = {0.5, 0.6} are shown in figure 4.12. As expected,
the (shaded) region of the plot corresponding to τlag > 0, where δ2 takes a longer time
than δ1 to attain its equilibrium value (i.e. τss,δ2 > τss,δ1), is that for relatively small A.
Evidently, as A decreases, the discrepancy between τss,δ1 and τss,δ2 increases further; we
note in figure 4.12 that τlag can exceed two filling-box time scales (4.26). As a result, the
top layer’s buoyancy is less than its steady value δ2/δ2,ss < 1 at the time instant when the
intermediate layer’s buoyancy δ1 first attains δ1,ss. Subsequently, δ1 exceeds its steady
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value (δ1/δ1,ss > 1) and attains a maximum value before relaxing back to equilibrium.
Upon examination of the initial (4.30) and steady (4.4) conditions, we find that
δ2/δ2,ss
δ1/δ1,ss
=


1 + ψ1/3
1 + ψ
> 1 at τ = 0,
1 at τ = τss,
(4.37)
i.e. the initial value of the buoyancy ratio (4.37) exceeds the steady value. Given that a
positive time lag results in δ2/δ2,ss < 1 and δ1/δ1,ss > 1, it follows that for a buoyancy
overshoot we require
δ2/δ2,ss
δ1/δ1,ss
< 1. (4.38)
Substituting for S, (4.25), permits the second condition (4.38) to be written as
S2(
δ1,ss
δ2,ss
D1
D2
) > 1. (4.39)
As we shall see in §4.3.4, writing (4.38) in terms of S enables us to capture, in a single
expression, the behaviour that results in buoyancy overshoots. In essence, our buoyancy
overshoot conditions stipulate that layer 2 must warm to increase its driving force (4.33)
and continue to warm beyond the time layer 1 attains its steady temperature (4.38).
4.3.4 Dependence of time lag on the stratification
When S ≪ 1 for 0 < τ < τss, layer 1 is shallow, whereas layer 2 is relatively deep (see
figure 4.9(a)) and hence, D1/D2 ≪ 1. From (4.28a) and (4.28b), we note that
dδ1
dτ
∝ 1
D1
,
dδ2
dτ
∝ 1
D2
, (4.40)
i.e. δ2 develops at a relatively slow rate compared with δ1 when S ≪ 1. To illustrate
this result, we plot κ = (dδ2/dτ)/(dδ1/dτ) against S in figure 4.13(a) for τ < τos, where
τ = τos denotes the time at which δ1 first overshoots δ1,ss. From (4.40), κ ∝ D1/D2.
Clearly, κ≪ 1 when S ≪ 1 and thus, owing to its rapid increase, the time taken for δ1 to
establish its steady value is less than for δ2. This gives rise to the time lag shown in figure
4.12. The dependence of the time lag on the stratification is also captured in (4.39). We
note from (4.4) that δ1,ss/δ2,ss = fn(ψ) < 1. Thus, for a given ψ, we require D1/D2 ≪ 1
(i.e. κ≪ 1) to satisfy (4.39) and, hence, produce a time lag. In other words, buoyancy
overshoots occur when layer 2 is dominant and layer 1 is relatively thin.
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Figure 4.13: (a) Ratio of the rates of buoyancy development κ = (dδ2/dτ)/(dδ1/dτ) against S
for A = {0.1, 0.2, 0.3} and ψ = 0.6. (b) Time τS=1 when S = 1 against A for ψ = {0.6, 0.7, 0.8}.
When S ≫ 1, layer 1 is relatively deep (figure 4.9(b)). However, irrespective of A,
S < 1 during the early transients (figure 4.8(a)) as D1 and δ1 are small relative to their
respective steady values. Figure 4.13(b) plots the time τS=1 at which S = 1 against A.
Evidently, as A increases τS=1 rapidly decreases and hence, S exceeds unity at an earlier
time. This is due to a rapid increase in D1 when A is large (figure 4.6(a)). However,
the buoyancy development of layer 1 lags behind the development of the layer’s depth
as dδ1/dτ ∝ 1/D1. In contrast, D2 is small and a decreasing function of time and hence,
δ2 increases at a relatively rapid rate as dδ2/dτ ∝ 1/D2. Consequently, when S ≫ 1,
the time taken for δ1 to attain δ1,ss is greater than the time taken for δ2 to attain δ2,ss.
From figure 4.11(b), we note that when A is large, the ratio of buoyancy time scales
Tδ1/Tδ2 > 1. These results explain why τlag < 0 for relatively large A (figure 4.12).
4.3.5 Critical area for buoyancy overshoots
It is of immediate interest to establish the region of {A, ψ} space where buoyancy
overshoots occur. For a given ψ, we decrease A (from A = 2) and determine the first
value of A = Aos that satisfies the two buoyancy overshoot conditions, (4.33) and (4.39);
this value is defined as the critical dimensionless area Aos. Figure 4.14(a) plots Aos(ψ)
for ascending flows; we also highlight the values of Aos for ψ = {0.5, 0.6, 0.7} as these
are used in subsequent plots.
From our scaling arguments (4.35), we note that Tδ1/Tδ2 decreases as ψ increases, i.e.
as the strength of the weak plume increases relative to the strong plume, layer 2 takes
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Figure 4.14: (a) Critical areaAos for buoyancy overshoots as a function of ψ. Overshoots occur
for A < Aos. Dot-dashed lines indicate Aos for ψ = {0.5, 0.6, 0.7}. (b) Time lag τlag againstA for
ψ = {0.5, 0.6}. Dot-dashed lines show Aos = {0.63, 0.73} for ψ = {0.5, 0.6} from figure 4.14(a).
increasingly longer than layer 1 to attain its equilibrium buoyancy. Thus, a larger value
of A is required (i.e. taller virtual boxes are needed) to prevent buoyancy overshoots as ψ
increases. Hence, Aos increases with ψ (figure 4.14(a)). In §4.3.7, we provide arguments
to explain the distinct change in the behaviour of Aos when ψ is large (i.e. for ψ & 0.73).
We now present two sets of results that confirm our predictions of Aos and hence, show
that the two conditions, (4.33) and (4.39), must be satisfied for δ1 to exceed δ1,ss.
We deduced in §4.3.3 and §4.3.4 that the time lag τlag governs buoyancy overshoots.
Figure 4.14(b) shows τlag as a function of A for ψ = {0.5, 0.6} and also plotted are the
predicted values of Aos corresponding to these two values of ψ taken from figure 4.14(a).
It is evident that 
τlag ≡ 0 for A = Aos,τlag > 0 for A < Aos. (4.41)
Therefore, when A < Aos, the time taken for δ2 to attain a value equal to δ2,ss is greater
than the time taken for δ1 to attain δ1.ss, thus producing a time lag which gives rise to
the buoyancy overshoot. Clearly, τlag < 0 (i.e. τss,δ2 < τss,δ1) for A > Aos and therefore,
δ1 does not overshoot its steady value.
Denoting δ1,max as the maximum value of δ1, we examine the ‘degree of overshoot’,
(δ1,max − δ1,ss), expressed as a fraction of δ1,ss:
θ =
δ1,max − δ1,ss
δ1,ss
. (4.42)
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Figure 4.15: Degree of buoyancy overshoot θ against A for ψ = {0.5, 0.6, 0.7}. The dot-dashed
lines indicate Aos = {0.63, 0.73, 0.90} for ψ = {0.5, 0.6, 0.7} from figure 4.14(a).
Figure 4.15 plots θ (4.42) as a function of A for ψ = {0.5, 0.6, 0.7}. Also plotted are the
predictions of Aos corresponding to the three values of ψ. Evidently,
θ ≡ 0 for A > Aos, i.e. a buoyancy overshoot is not produced,θ > 0 for A < Aos, i.e. a buoyancy overshoot is produced. (4.43)
As A decreases, τlag increases (figure 4.12) and, as a result, θ increases (figure 4.15).
We have shown that the values of Aos satisfying the two theoretical conditions, (4.33)
and (4.39), are identical to those that give τlag = 0 and θ = 0, thereby illustrating the
agreement between our buoyancy overshoot theory (§4.3.3) and the numerical results.
4.3.6 Comparison of ascending and filling flows
Figure 4.16(a) shows the degree of buoyancy overshoot (4.42) for ascending and filling
flows, θa and θf , respectively, as a function of A. From Linden & Cooper’s (1996) steady
solution, (4.3) and (4.4), we recall that δ1,ss and δ2,ss are dependent only on A and ψ.
However, for a given {A, ψ}, it is evident that θf > θa and hence, δ1,max is greater when
both plumes are activated simultaneously. This indicates that buoyancy overshoots are
dependent on the time history of the flow. To reinforce this result, the variation of θf/θa
with A is shown in figure 4.16(b) and we note that θf/θa > 1 for all values of {A, ψ}
considered. The initial conditions have a dramatic effect on δ1,max. For example, when
ψ = 0.5 and A = 0.3, θf/θa ≈ 3.5 (figure 4.16(b)), i.e. the overshoot is approximately
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Figure 4.16: (a) Degree of buoyancy overshoot for ascending and filling flows, θa and θf , for
ψ = 0.5 and (b) θf/θa for ψ = {0.4, 0.5, 0.6} against the opening area A.
three-and-a-half times greater for a filling flow than for an ascending flow.
To explain why θf > θa we compare the relative magnitudes of τlag for ascending and
filling flows. Figure 4.17(a) plots τlag,a and τlag,f as a function of A for ψ = 0.5. Also
plotted are the predicted values of the critical areas, Aos,a and Aos,f , calculated using
(4.33) and (4.39). Buoyancy overshoots occur in the shaded region of the plot where
τlag > 0, i.e. when δ2 lags behind δ1. Moreover, in this region, the time lag is greater for
filling flows (τlag,f > τlag,a). Restricting our attention to A < Aos,a, figure 4.17(b) plots
τlag,a/τlag,f against A. Clearly, τlag,a/τlag,f < 1 and, hence, the rate of development of
δ2 is slower for filling flows. As a result, the time taken for δ2,f to attain equilibrium
exceeds the time taken for δ2,a to attain the same steady state. In contrast, the rate of
development of δ1 is faster for filling flows and, hence, the time taken for δ1,f to attain
equilibrium is less than the time taken for δ1,a to attain the same steady state. As θ
increases with τlag (figures 4.12 and 4.15) and τlag,f > τlag,a (figure 4.17(b)), θf > θa.
In developing our buoyancy overshoot theory (§4.3.3), we restricted our attention to
ascending flows. However, we now show that our theory also applies to filling flows. For
a filling flow with ψ = 0.5, we used the two overshoot conditions, (4.33) and (4.39),
to determine the critical area Aos,f = 0.74. Examining figure 4.17(a), we find that
τlag,f ≡ 0 when A = Aos,f = 0.74 and moreover, τlag,f > 0 when A < 0.74. Furthermore,
as a result of this time lag, we find (figure 4.16(a)) that θf > 0 only for A < 0.74 and
θf = 0 for A ≥ 0.74, i.e. filling flows exhibit a buoyancy overshoot for A < Aos,f (ψ).
From a physical viewpoint, the result θf > θa is entirely consistent with our buoyancy
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Figure 4.17: (a) Time lag for ascending and filling flows, τlag,a and τlag,f , for ψ = 0.5 and (b)
τlag,a/τlag,f for ψ = {0.4, 0.5, 0.6} versus A. Shaded area in (a) shows τlag > 0.
overshoot theory. For filling flows, the unequal plumes supply an initially unstratified of
zero net buoyancy ∆N (τ = 0) = 0, whereas for ascending flows ∆N (τ = 0) = ∆20 > 0.
Thus, when A is small, the increase required in ∆2 is significantly larger for filling flows
and consequently, the time scale over which ∆2 and δ2 evolve is considerably longer.
Therefore, this results in τlag,a < τlag,f , which gives rise to θf > θa (figure 4.16).
4.3.7 Overturning
The time lag τlag increases dramatically as A decreases and for sufficiently small A, we
predict that δ1 increases at such a rapid rate during the early transients that
δ1 = δ2 at τ = τot, (4.44)
where τot denotes the time at which ‘overturning’ first occurs (cf. figure 4.18). We note
that (4.44) prescribes the general condition for overturning. For τ > τot, the system
would be statically unstable and a bulk overturning of the two buoyant layers induced.
Consequently, our model (§4.2), based on a stable three-layer stratification, is only valid
for τ < τot. A new set of ‘initial’ conditions would need to be prescribed to describe the
subsequent transients, the dynamics of which are complex and beyond the immediate
scope of this chapter. Practically, if overturning does occur, at that instant no single
plume dominates the layering. Thereafter, despite a breakdown in the stratification, two
density interfaces are likely to be re-established as the plumes are of unequal strengths.
To illustrate a case where overturning occurs, figure 4.18 plots δ1 and δ2 as functions of
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Figure 4.18: Mean buoyancies, δ1 and δ2, for an ascending flow when {A = 0.1, ψ = 0.7}. Our
model is valid for τ < τot (solid line). For τ > τot (dashed line), a new model is required.
τ for an ascending flow when A = 0.1 and ψ = 0.7. Clearly, δ1 exceeds δ2 after some
time, thus indicating a breakdown in the three-layer stratification.
Similar to the buoyancy overshoot experienced by layer 1, overturning is intrinsically
related to the rates at which δ1 and δ2 develop. In order for (4.44) to be satisfied, we
require dδ1/dτ ≫ dδ2/dτ for τ < τot. For a given ψ we established, using a numerical
search, the maximum value of A for which (4.44) occurs and we define this to be the
critical area Aot that induces overturning, so that δ1 = δ2 at τ = τot when A < Aot.
Figure 4.19 shows Aos and Aot as functions of ψ and identifies the regions of {A, ψ} space
where buoyancy overshoots and bulk overturning motions are induced for ascending
flows. Evidently, as ψ increases, the dominant flow feature transitions from buoyancy
overshoots to overturning. For example, when A = 0.2 and ψ = 0.4, overshoots are
induced, whereas for the same A, increasing ψ to ψ = 0.8 gives rise to overturning.
Therefore, when A < Aot < Aos, the increase in δ1 is so rapid that δ1 exceeds δ2 before
overshooting its steady value δ1,ss, i.e. overturning occurs prior to an overshoot.
The distinct change in the behaviour of Aos when ψ is large may now be explained
by identifying the dominant parameter controlling the evolution of δ1 in the limits of
small ψ (i.e. ψ ≪ 1) and large ψ (i.e. ψ ∼ 1). For small ψ, the rapid increase in δ1 is
controlled primarily by A; we note that when ψ is small, Aos is small and therefore,
buoyancy overshoots are induced by confining the weaker plume to a short virtual box
(§4.3.3). For large ψ, the rapid increase in δ1 is controlled predominantly by ψ itself
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Figure 4.19: Ascending flow. Critical opening areas for buoyancy overshoots and overturning,
Aos and Aot, as functions of ψ.
as the weaker plume, now comparable in strength to the stronger plume, supplies fluid
of high buoyancy to layer 1 (§4.3.5). In this limit, relatively small increments in ψ (for
a given A < Aos) can result in overturning being induced as opposed to an overshoot.
Therefore, as ψ → 1, the parameter controlling the evolution δ1, and thus overshoots and
overturning, changes from A to ψ. As a result, the behaviour of Aos is characteristically
different when ψ is large. For sources of equal strength (ψ = 1), a two-layer stratification
is established, i.e. δ10 = δ20, (4.30). Thus, as ψ → 1, τot → 0 and Aot →∞ (figure 4.19).
In summary, overheating occurs for Aot < A < Aos and overturning for A < Aot.
Based on curves of best fit to our model predictions in figure 4.19,
Aos ≈

ψ + 0.15 for 0.1 < ψ . 0.7,0.25ψ + 0.75 for 0.7 < ψ . 0.88, Aot ≈
9
4
(ψ − 0.5)2
(1− ψ)1/2 for ψ ≥ 0.5. (4.45)
Intriguingly, (4.45) reveals that overheating and overturning occur irrespective of the
plan area S of the box. However, the times at which these features occur depend on S.
4.4 The role of interfacial entrainment
Fluid from the weaker plume rises within layer 1 as a dense fountain, and providing its
rise height exceeds D1, it impinges on the upper interface. The impingement (and the
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penetration into layer 2) gives rise to the downward transport of buoyant fluid at a rate
g′2Qe across the upper interface into layer 1. To quantify Qe and determine its role in the
development of the stratification, we employ our entrainment model from chapter 2:
Ei =
Qe
Q12
=

0.24Fr
2
i for Fri < 1.4,
0.42Fri for Fri > 1.4,
(4.46)
where the interfacial Froude number Fri = wi/
√
bi∆g′. Here, wi and bi are the vertical
velocity and radius, respectively, of the fountain at z´ = h2 and ∆g
′ = g′2− g′1. Applying
conservation of volume and buoyancy for each layer gives:
dh1
dt
=
Qt −Q11 −Q21
S
,
dh2
dt
=
Qt +Qe −Q22
S
, (4.47)
dg′1
dt
=
Q11(G
′
11 − g′1) +Qe(g′2 − g′1)
S(h2 − h1) ,
dg′2
dt
=
B2 + g
′
1(Q22 −Q21)− g′2Q22
S(H − h2) . (4.48)
Non-dimensionalising (4.47) and (4.48), we find that the time rates of change of ξ1 and
δ2 are independent of Ei and hence, dξ1/dτ and dδ2/dτ are governed by (4.27a) and
(4.28b). From (4.47) and (4.48), the equations governing the evolution of ξ2 and δ1 are
dξ2
dτ
= A∆
1/2
N −Q22 + EiQ12,
dδ1
dτ
=
ψ − ψ1/3δ1ξ5/31 + EiQ12(δ2 − δ1)
D1
, (4.49a, b)
where Q12 = Q12/(CPB1/32 H5/3). If Ei = 0, (4.49a, b) reduce to their counterparts,
(4.27b) and (4.28a), in the original model. To estimate Ei, we require the fluxes within
the fountain at the upper interface. Kaye & Hunt (2006) identified three distinct classes
of fountain behaviour, each with a different rise height dependence on the source Froude
number. In our system, as the ‘source’ conditions (at z´ = h1) of the fountain are time
varying, its behaviour within layer 1 is complex. Including this extra layer of complexity
is unlikely to lead to further physical insight. Assuming the fountain is quasi-steady at
each time instance, we invoke a simple model for its development through layer 1 based
on the classic plume theory of Morton et al. (1956). Therefore, for top-hat profiles, the
equations for the conservation of volume flux Q1, momentum flux M1 and buoyancy
flux B˘1 = B1 − g′1Q11 < 0 of the fountain’s upflow, take the form
dQ1
dz1
= 2αfpi
1/2M
1/2
1 ,
dM1
dz1
=
B˘1Q1
M1
,
dB˘1
dz1
= 0, (4.50)
The role of interfacial entrainment 153
where z1 is the vertical co-ordinate with origin at the level z´ = h1 of the lower interface.
We scale Q1 and M1 on the fluxes of volume and momentum at z´ = H within a pure
plume rising from a source at z´ = 0 of strength B2 through a uniform ambient (g
′
0 = 0),
denoted by Q2,H and M2,H , respectively. From plume theory of Morton et al. (1956),
Q2,H = CPB
1/3
2 H
5/3, M2,H =
√
3
2
C
1/2
P B
2/3
2 H
4/3. (4.51)
Non-dimensionalising (4.50) gives
dQ1
dZ1
=
5
3
αf
αP
M
1/2
1 ,
dM1
dZ1
=
4
3
B˘1Q1
M1
,
dB˘1
dZ1
= 0, (4.52)
where Q1 = Q1/Q2,H , M1 = M1/M2,H , B˘1 = B˘1/B2 and Z1 = z1/H. When expressed
in terms of the fluxes within the fountain at Z1 = D1, namely Q12, M12 and B12, the
interfacial Froude number takes the form
Fri = pi
1/4 M
5/4
12
Q12B
1/2
12
=
√
5
8αP
M
5/4
12
Q12B
1/2
12
, (4.53)
where Q12 = Q12/Q2,H , M12 =M12/M2,H and B12 = B12/B2 = (δ2 − δ1)Q12.
The governing equations (4.27a), (4.28b) and (4.49a, b) were solved subject to the
initial conditions prescribed in §4.2.3 using a fourth-order Runga-Kutta finite-difference
scheme. At each time instant, numerical solutions to the fountain equations (4.52),
subject to the source conditions (Q1(Z1 = 0) = ψ1/3ξ5/31 , M1(Z1 = 0) = ψ2/3ξ4/31 and
B1(Z1 = 0) = ψ − ψ1/3δ1ξ5/31 ), were obtained to estimate Fri (4.53) and Ei (4.46).
Figures 4.20(a) and (b) show the interface positions and layer buoyancies as functions
of τ for an ascending flow when A = 0.5 and ψ = 0.3. The predictions of ξ1 and δ2
with (Ei 6= 0) and without (Ei = 0) fountain-top entrainment are in close agreement.
Although the upper interface rises higher when Ei 6= 0 than when Ei = 0, the differences
between the two models in the predictions of ξ2 are relatively small (less than 7%).
Whilst there is a quantitative change in δ1, the basic qualitative variation of δ1 with τ
is unchanged when Ei 6= 0. Therefore, the dynamics that govern buoyancy overshoots
is the same for the models with and without fountain-top entrainment.
Figures 4.21(a) and 4.21(b) reveal that both Fri and Ei decrease with time. Given
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Figure 4.20: (a) Interface positions ξ1, ξ2 and (b) mean buoyancies δ1, δ2 as functions of τ
with Ei 6= 0 (solid lines) and Ei = 0 (dashed lines) for A = 0.5 and ψ = 0.3.
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Figure 4.21: (a) Fri and (b) Ei as function of τ for A = 0.5 and ψ = 0.3.
that D1 increases with time (figure 4.6(a)), the fountain rises a greater distance before
impingement with the interface at Z1 = D1. Consequently, the vertical velocity wi of the
fountain decreases, whereas its local radius bi increases, thus resulting in Fri ∝ wi/
√
bi
decreasing with time. Therefore, interfacial mixing is most vigorous during the early
transients. In practice, this mixing is likely to cause smearing of the upper interface and
hence, a sharp density step between layers 1 and 2, as assumed in our model, may not
be realised. This creates a problem for experimentalists seeking to estimate the layer
depths and Ei by tracking the interface position. Although the local mixing is vigorous,
Qe is relatively small compared with other volume fluxes in the system (figure 4.21(b)).
To examine the vigour of interfacial mixing during the early transients, we calculated
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Figure 4.22: Interfacial Froude number Fri(τ = 0) as a function of ψ for A = 0.5.
the value of Fri at τ = 0, i.e. when the weak plume first impinges on the upper interface,
and this is plotted against ψ in figure 4.22. Given wi ∝ B1/31 (Morton et al., 1956), the
interfacial impingements become more energetic as the strength of the weak plume B1
increases relative to the strong plume, i.e. Fri increases with ψ (figure 4.22), thus giving
rise to stronger interfacial mixing. As ψ → 1, the fountain’s penetration into the top
layer is likely to prevent the formation of the upper interface. In this limit, a two-layer
stratification is established. Based on our model predictions (figure 4.20), we conclude
that Qe does not significantly modify the layer depths and buoyancies. However, as we
will now see, when the emptying filling-box flow is driven by a plume and a jet, Qe is a
key component of the system and plays a pivotal role in setting the stratification.
4.5 A plume and a jet in an emptying filling-box
We now consider the scenario where a turbulent axisymmetric jet, of source momentum
flux Mjet and density ρjet = ρa, is activated after the plume of buoyancy flux B2 has
established a steady two-layer stratification. The source of the jet is located at the base
of the box (z´ = 0) and sufficiently well separated from the plume source so that the jet
and plume are non-interacting. The jet impinges on the buoyant layer maintained by the
plume and entrains fluid, downwards, across the interface to form a new intermediate
layer. Hence, the plume and jet establish an ascending flow (cf. figure 4.1(a)) with ψ = 0.
Crucially, in the absence of the weak plume of buoyancy flux B1, the entrainment across
the upper interface driven by the impinging jet is solely responsible for the formation,
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and subsequent growth, of a buoyant intermediate layer. We find that the time rates of
change of h2 and g
′
2 are independent ofMjet and, hence, dh2/dt and dg
′
2/dt are governed
by (4.27b) and (4.28b), respectively. Following the conservation arguments developed
in §4.2.2, the time rates of change of h1 and g′1 are
dh1
dt
=
Qt −Qjet,1 −Q21
S
,
dg′1
dt
=
(g′2 − g′1)Qe − g′1Qjet,1
S(h2 − h1) , (4.54)
where Qjet,1 and Qjet,2 are the volume fluxes in the jet at z´ = h1 and z´ = h2, respectively.
Adopting top-hat profiles and following van den Bremmer & Hunt (2010),
Qjet,1 = CjetM
1/2
1 h1, Qjet,2 = CjetM
1/2
1 h2, Cjet = 2pi
1/2αjet, (4.55)
where αjet is the entrainment coefficient for the jet. Following Fischer et al. (1979) we
take αjet = 0.07. In calculating Qjet,2, for simplicity we have assumed that the jet rises
up to a height h2 in an ambient of density ρa and, thus, neglected the buoyancy flux of
the jet in layer 1. This simplification has only a minor influence on the predictions and
is consistent with Linden & Cooper’s (1996) model. Non-dimensionalising (4.54) gives
dξ1
dτ
= A∆
1/2
N − ξ1
(
ξ
2/3
1 + J
)
,
dδ1
dτ
=
EiJ ξ2(δ2 − δ1)− J δ1ξ1
D1
, (4.56)
where Ei = Qe/Qjet,2 and
J =
(
CP
Cjet
)
M
1/2
1
B
1/3
2 H
2/3
(4.57)
is a dimensionless jet length that characterises the relative strengths of the jet and the
plume. To quantify Ei and close the problem, we employ our entrainment models (2.3):
Ei =

0.24Fr
2
i for Fri < 1.4,
0.42Fri for Fri > 1.4,
where Fri =
(
pi1/4C
3/2
P
C
5/2
jet
)
J
ξ
3/2
2
√
δ2 − δ1
. (4.58)
For ascending flows, the initial (τ = 0) values of ξ1, ξ2 and δ2 are given by (4.30). The
mean buoyancy, g′10, of layer 1 at τ = 0 equals the buoyancy, g
′
d0
, of the downflow from
the interfacial dome atop the impinging jet. Given that the density of the jet is ρjet = ρa,
conservation of buoyancy for the dome within the upper layer of density ρ2 requires
g′20 (Qjet,2)t=0 = g
′
d0 (Qe +Qjet,2)t=0 , i.e. δ10 = δ20
(
1
1 + Ei
)
τ=0
, (4.59)
where g′d0 = g(ρd0 − ρ20)/ρa.
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Figure 4.23: (a) Layer depths D1, D2 and (b) mean buoyancies δ1, δ2 as functions of τ for an
ascending flow when the jet source strength J = 0.7 and opening area A = 0.3.
The governing equations (4.27b), (4.28b) and (4.56) were solved, subject to the initial
conditions given by (4.30) and (4.59), using a Runga-Kutta finite-difference scheme.
Figures 4.23(a) and 4.23(b) show the time-dependent behaviour of the layer depths
(D1,D2) and mean buoyancies (δ1, δ2) for an ascending flow when J = 0.7 and A = 0.3.
Owing to the entrainment of fluid from the upper layer into the lower layer, D2 decreases
significantly and D1 increases significantly. For the example shown in figure 4.23(a),
the initial depth of layer 2 is approximately halved, whereas layer 1 deepens to occupy
almost half of the box height. Moreover, interfacial entrainment acts to redistribute the
buoyancy within the box. As a result of the buoyancy flux entrained across the upper
interface, δ2 decreases from its initial value and δ1 increases (figure 4.23(b)). In the
context of building airflows, layer 2 thins and cools, whereas layer 1 deepens and warms.
To examine the dependence of the stratification on the source strength J of the jet,
figure 4.24 plots the steady layer depths (D1,ss,D2,ss) and steady buoyancies (δ1,ss, δ2,ss)
of layers 1 and 2 as functions of J . As J increases, the impingement of the jet with the
interface becomes more energetic and the interfacial Froude number Fri increases, as
Fri ∝ J (4.58). Given that the volume flux Ei entrained from layer 2 and supplied to
layer 1 increases monotonically with Fri, D2,ss decreases with J and D1,ss increases with
J (figure 4.24(a)). Moreover, owing to the greater supply of buoyancy flux to layer 1
with increasing J , δ1,ss increases, as shown in figure 4.24(b). Based on these results, it
is evident that interfacial entrainment plays an instrumental role in the development of
the stratification when the emptying filling-box flow is driven by a jet and a plume.
Conclusions 158
J
D
D1,ss
D2,ss
(a)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0
0.1
0.2
0.3
0.4
0.5
0.6
J
δ
δ2,ss
δ1,ss
(b)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0
0.4
0.8
1.2
1.6
2.0
2.4
Figure 4.24: (a) Steady layer depths D1,ss, D2,ss and (b) steady layer buoyancies δ1,ss, δ2,ss
as functions of the jet source strength J for opening area A = 0.5.
4.6 Conclusions
We examined the time-dependent three-layer stratification (top, intermediate and lower
layers) established by two non-interacting plumes of unequal strength (B1 and B2 > B1)
in an emptying filling-box. We showed that the dimensionless mean buoyancy of the
intermediate layer, δ1, can exceed its steady value, giving rise to a buoyancy overshoot.
In the context a ventilated room, this is synonymous with a thermal overshoot and the
occupants would experience ‘localised overheating’. Furthermore, the stratification may
break down owing to a bulk overturning of the two buoyant layers, induced if the mean
buoyancy of the intermediate layer δ1, exceeds that of the top layer, δ2.
The dynamics of these flows depend on the dimensionless opening area A and the
source strength ratio ψ = B1/B2 < 1, and their development is sensitive to the initial
stratification within the box. We showed that the general behaviour can be characterised
by the stratification parameter S, a measure of the relative buoyancy-induced velocities
of the intermediate and top layers. We identified that buoyancy overshoots and bulk
overturning occur for S ≪ 1, wherein a deep top layer produces the dominant forcing,
and thus, one can broadly classify the complex dynamics based on a single parameter.
We developed a theory on buoyancy overshoots centred around the time lag between
the development of δ1 and δ2. We established that when A is small, the layer buoyancies
evolve on two characteristically different time scales; the time taken for the top layer to
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warm and for its buoyancy to attain equilibrium is large compared with the intermediate
layer, giving rise to the time lag. We deduced that two conditions are necessary to induce
the lag. Applying our theory to ascending flows, which occur when a steady two-layer
stratification is first established by a single plume and a second weaker plume is then
activated, we determined the maximum dimensionless area, Aos(ψ), for which buoyancy
overshoots occur. Theoretical predictions of Aos show good agreement with numerical
results from our model and indicate that an overshoot will only occur for A < Aos.
Our model may be used to estimate: (a) the time-dependent temperature profiles in
ventilated rooms heated simultaneously by sources of unequal strength and (b) predict
the time evolution of the ventilation flow from one (potential) steady regime to another
resulting from the activation of a weaker or stronger heat source. Of significance in the
design of ventilation strategies is our result that temperatures within the intermediate
layer may, for a significant duration, exceed those in the steady state. Thus, the need for
designers to consider these transient flows, rather than solely the steady states, is crucial
to avoid regions which locally overheat and, thereby, cause discomfort for occupants.
Whilst buoyancy overshoots are strongly dependent on the sequence in which the
two plumes are activated, several other factors may influence the time evolution of the
stratification. If the weaker plume source is elevated, the intermediate layer will receive
a supply of highly-buoyant fluid owing to its formation closer to the source and hence,
one may anticipate more pronounced thermal overshoots. Strong external winds that
oppose the buoyancy-driven flow will cause a rapid accumulation of buoyancy within
the box, thus possibly extending the region of {A, ψ} space where buoyancy overshoots
and overturning are realised. Flows initiated and maintained by N (> 2) sources of
different strengths that give rise to N buoyant layers may exhibit buoyancy overshoots
in multiple layers. Moreover, ‘localised overturning’ may be induced if the buoyancy of
a layer exceeds that of the above whilst all other regions remain stably stratified. These
extensions to our work offer challenging avenues for future research.
4.A Appendix 4.A. Strong plume behaviour in layer 1
At z´ = h1, the stronger plume (of source buoyancy flux B2) experiences a reduction in
its buoyancy flux due to the density change in the environment. In order to account for
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the reduction in B2 and predict Q22, we analyse the distributed plume within layer 1
with source conditions (Q21,M21, B˘2) at z´ = h1. Here, B˘2(t) = B2 − g′1(t)Q21(t) is the
time-varying source buoyancy flux of the distributed plume.
Scase et al. (2006) showed that, except for regions close to the source, the behaviour
of a turbulent plume is largely unaffected by a sudden decrease in the source strength.
Therefore, for simplicity we assume that the stronger plume is quasi-steady at each time
instance. We return to the implications of this assumption in chapter 5. The equations
for the conservation of volume flux Q2, momentum fluxM2 and buoyancy flux B˘2 of the
distributed plume are based on the steady plume theory of Morton et al. (1956) and,
for top-hat profiles, take the form
dQ2
dz1
= 2αPpi
1/2M
1/2
2 ,
dM2
dz1
=
B˘2Q2
M2
,
dB˘2
dz1
= 0. (4.A.1)
Non-dimensionalising (4.A.1) gives
dQ2
dZ1
=
5
3
M
1/2
2 ,
dM2
dZ1
=
4
3
B˘2Q2
M2
,
dB˘2
dZ1
= 0, (4.A.2)
where Q2 = Q2/Q2,H , M2 = M2/M2,H and B˘2 = 1 − δ1ξ5/31 . In order to determine
Q2(Z1 = D1) = Q22 at each time instant, we solve (4.A.2) with the starting (source)
conditions (Q2(Z1 = 0) = ξ5/31 ,M2(Z1 = 0) = ξ4/31 , B˘2(Z1 = 0) = B˘2).
Numerical solutions of the governing equations (4.27a,b) and (4.28a,b) were obtained
using a fourth-order Runga-Kutta finite-difference scheme. In the following discussion,
we refer to our model in §4.2 as the ‘original’ model and our model in §4.A, which
accounts for the strong plume behaviour within layer 1, as the ‘improved’ model.
Figures 4.25(a) and 4.25(b), respectively, show the two interface positions and mean
layer buoyancies as functions of τ for an ascending flow when A = 0.6 and ψ = 0.5 for
the original and improved models. Also plotted are the steady predictions of Cooper
& Linden (1996) who account for the reduction in B2 using a virtual origin correction.
Evidently, the reduction inB2 has little effect on ξ1, δ1 and δ2. Moreover, for a significant
duration of the transients (approximately one filling-box time scale), the predictions
of the original and improved models for ξ1 and δ1 are graphically indistinguishable.
Therefore, our theory on buoyancy overshoots (§4.3.3) is not influenced by the reduction
in B2. The original model does however underestimate ξ2. For 0 < ψ < 0.4, differences
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Figure 4.25: (a) Interface positions ξ1, ξ2 and (b) mean buoyancies δ1, δ2 an ascending flow
when {A = 0.6, ψ = 0.5}. Dot-dashed lines are the steady solutions of Cooper & Linden (1996).
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Figure 4.26: Predictions of θ for ψ = {0.4, 0.5, 0.6, 0.7} obtained from our improved model.
in the predictions of ξ2 are relatively small (less than 5%). However, as ψ increases, the
differences become larger and increase to a maximum of 20% as ψ → 1. The reason for
the underprediction is discussed by Linden & Cooper (1996).
We have used the improved model to obtain the variation of θ with A and this is
plotted in figure 4.26 for four values of ψ. Comparing these predictions of θ with those of
the original model (figure 4.15), we note that there is a quantitative change in the values
of A for which thermal overshoots occur. However, the magnitudes of θ (0 < θ < 0.05)
predicted by the two models are comparable. Moreover, the basic qualitative variation
of θ with A is unchanged when we account for the reduction in B2. Hence, the dynamics
that govern thermal overshoots (§4.3.3) is the same for both models.
5Conclusions
Fuelled by pressing unresolved questions in the field of buoyancy effects in fluids, this
thesis has investigated theoretically two intrinsic facets of turbulent plumes and jets in
density-stratified environments. First, we examined the classic transport phenomenon
of turbulent entrainment across a density interface driven by the localised impingement
of a vertically-forced high-Reynolds-number jet. In the pursuit of a law for the rate of
entrainment across the interface, it has been heartening, yet somewhat surprising, to
discover that our simple theoretical models capture and elucidate the dominant physics
at the heart of this complex physical process and, moreover, that the predictions of these
models are in close agreement with extensive experimental measurements reported more
than thirty years prior to our study. Addressing the effects of confinement imposed by
the physical boundaries of a box on the dynamics of interfacial entrainment, it has been
satisfying to find that the results of this work can contribute to resolving the debate
surrounding the entrainment law and may play a key role in guiding future experimental
and numerical studies. Second, we examined the time-dependent density stratification
that develops in a confined environment following the activation of turbulent plumes of
unequal strengths. What, at first, appeared to be a simple problem, especially when
compared with the intricate behavioural detail of turbulent interfacial entrainment, was
in fact a problem that gave rise to previously unidentified flow features characterised by
rich dynamics and that, crucially, comprised an additional tier of complexity attributed
to the time dependence. In seeking to explain when and why these flow features arise, it
quickly became evident that the time-dependent coupling between the evolution of the
stratification and the dynamics of the plumes compounds inherent challenges associated
with developing a lucid understanding of this problem.
Whilst the problem of entrainment across interfaces has garnered extensive study
over the last half century, several fundamental open questions have concealed its wider
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understanding. These questions range from “what is the universal law that governs the
rate of entrainment across an interface”, if indeed a universal law exists, and extend to
“what are the consequences of confining interfacial entrainment to a transparent box or
visual tank”, as is necessary in laboratory experiments. Drawing inspiration from the
classic plume theory of Morton et al. (1956), we analysed the large-time quasi-steady
flow in an unconfined environment that is induced and maintained by the localised
impingement of a turbulent jet on a density interface separating two uniform layers. We
deduced that the interfacial Froude number Fri governs the dimensionless entrainment
flux Ei across the interface and uniquely characterises the morphology and dynamics of
the localised region of turbulent flow above the interface.
A suite of modelling techniques and simplifying assumptions enabled us to transform
the physical process of entrainment across the interface into mathematical expressions.
The emphasis on tractable models was central to our pragmatic aim of determining the
dependence of Ei on Fri. Although the Navier-Stokes equations provide a tremendously
detailed description of a flow from the largest to the smallest length and time scales, this
power is also their weakness – the amount of information contained in the velocity field
alone is immense and, hence, these coupled partial differential equations are intractable.
In stark contrast, by characterising small-Fri flows as a shallow semi-ellipsoidal dome
and modelling large-Fri impingements as a fully-penetrating fountain, we showed that
the governing physics of unconfined entrainment across interfaces are encapsulated by
the power laws Ei = 0.24Fr
2
i for small Fri, and Ei = 0.42Fri for large Fri.
In hindsight, one could question why our approach has not been adopted previously,
as it is straightforward and consistent with the long history of models of jets and plumes.
In fact, a referee for the Journal of Fluid Mechanics who reviewed our paper stated that
our approach is the way he or she would tackle the same problem. Perhaps this approach
was more obvious to us as we did not pursue the conventional experimental route that
has historically provided the bulk of the insight. The lack of mathematical models for the
interfacial entrainment driven by an impinging jet or plume can just as well be explained
by the fact that modelling requires a basic understanding of the true physics in order
to guide key assumptions and this understanding is best achieved by first conducting
experiments in a real fluid. What is clear from our work is that simple theoretical
models, founded on classical Newtonian mechanics, continue to enhance the insight into
complex problems in fluid dynamics. We therefore assert that theoretical modelling can
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definitely prevail as a powerful tool in present-day and future science, despite a recent
affinity towards numerical simulations following the growth of computational prowess.
Undeniably, our approach is not without its drawbacks – one might always ask the
inevitable question of how the turbulence is represented in our models and given that
the general properties of turbulence are not well understood, one might also raise the
question whether our, or indeed any, theoretical representation of turbulence is realistic.
Drawing on the wealth of previous observations, we constructed a mechanistic model of
the process by which fluid is turbulently entrained into the small-Fri interfacial dome.
At the heart of this model is the ‘vortex’ layer, a heuristic description of the region of
vortical motions at the periphery of the dome that drive entrainment. The model reveals
that the essentials of entrainment in this regime are captured by a constant entrainment
coefficient (a ratio of the inflow velocity into the dome at a given height to the vertical
velocity near the dome perimeter). Whilst this parameterisation is consistent with the
widely applied entrainment model of Morton et al. (1956) and good agreement between
our model and existing data is achieved with a commonly adopted value for the entrain-
ment coefficient, it is notoriously difficult, perhaps even impossible, to experimentally
validate our model of the vortex layer or directly measure the entrainment coefficient.
This is one example of the inescapable trade-off between the simplicity of a model and
a putatively true representation of the physical characteristics of a real process.
Challenges associated with the intricacies of turbulence are perhaps better suited to
researchers who perform numerical simulations. In light of the physical understanding
that has been established herein, numerical simulations may now be better placed to
explore the precise details of the entrainment mechanisms.
The use of empirically determined parameters to achieve closure is not a shortcoming
of a theoretical model. On the contrary, these parameters are necessary to quantify the
effects of turbulence. Indeed, entrainment coefficients are an integral component of all
the models developed herein. The purpose of these models is more than just to capture
real-world phenomena: they are a requisite for deducing the governing laws in terms of
measurable quantities, for only in this way can the phenomena be genuinely explained.
To this end, our models are vital ingredients in the mechanical conception of nature, and
not merely auxiliary paraphernalia. It is without doubt remarkable that the entrainment
coefficient alone encapsulates the complex physical process by which ambient fluid is
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engulfed into a turbulent flow, whether that flow be a plume, jet, fountain or interfacial
dome. The appeal of this simple entrainment parameterisation is that our models can
be readily extended to incorporate additional physics pertinent to the problem under
consideration. For example, to analyse interfacial entrainment in a confined system, we
extended our model of entrainment in an unconfined environment by accounting for the
effects of a background secondary flow. Although models can be employed to great effect,
it goes without saying that they must be treated with circumspection.
Our idealisation of an unconfined environment is a modelling convenience that allows
us to examine the entrainment across the interface in a quasi-steady state, wherein the
complex time-varying interdependence of the entrainment flux and the development of a
stratified intermediate layer is eliminated. As confinement is an ineliminable feature of
laboratory experiments, an imaginatively designed configuration is necessary to measure
the entrainment flux in a quasi-steady state. To this end, the steady two-layer system
established by a plume and a fountain (chapter 3) offers a convenient means to quantify
the entrainment flux. In conducting our study, we have been surprised by the absence of
literature on the effects of confinement on interfacial entrainment. Perhaps this dearth of
information is a result of previous researchers searching for a universal entrainment law.
Nevertheless, when interfacial entrainment is examined within the confines of a box, our
model reveals that the entrainment flux Ei is influenced by background secondary flows.
Moreover, in addition to Fri, a confinement parameter λi (a ratio of the characteristic
length scale of interfacial turbulence to the depth of the upper layer) is necessary to fully
characterise the problem. These results carry far-reaching implications – all previous
measurements of the entrainment flux were, to some extent, influenced by secondary
flows in the environment and furthermore, the dependence of the entrainment flux on
confinement calls into question the universality of entrainment across interfaces.
It is our firm belief that the field would benefit from new detailed measurements of
the entrainment flux Ei. The recommendations we outlined in chapter 3 could aid the
design of experimental configurations and ensure that future measurements are free from
significant scatter. Significant scatter in the existing data is one of the main reasons why
a clear understanding of interfacial entrainment has remained elusive. Our three-regime
classification (small, intermediate and large Fri) of entrainment across interfaces may
assist experimentalists in exploring the transition of the flow above the interface from a
shallow dome to a fully-penetrating fountain and the resulting change in the entrainment
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dynamics. The precise classification of the regimes could benefit from new data.
For a given Fri, it would be informative to measure Ei for a wide range of values of
the confinement parameter λi and, thereby, facilitate a rigorous validation of our theory
of confined interfacial entrainment. Perhaps an extended study could use particle image
velocimetry to obtain detailed measurements of the velocities of secondary flows in the
environment. This could improve our understanding of how secondary flows influence
interfacial entrainment and also provide insight into the role of confinement, for which
experimental information is sparse. In future experiments, it will be fascinating to see
if the coupling between the entrainment flux and the influence of a secondary flow can
be uncoupled. Although it is not immediately clear how this may be achieved, we hope
that our work has provided the physical grounds for the confinement parameter λi to be
considered in future studies. We believe that our work will likely serve as starting points
and indicators to guide experiments and numerical simulations.
Going forwards in the study of entrainment across interfaces, we would ideally like to
see the endeavours of experimentalists and theoretical modellers coalesce, as the focus
heretofore has centred around experiments. We have established a tractable theoretical
framework for researchers to confidently analyse entrainment across an interface and
provided the physical basis for three previously reported entrainment laws. We envisage
that by coupling our framework with new detailed experimental data, the field can arrive
at a general consensus on the rate of interfacial entrainment and eventually resolve the
controversy that has surrounded this problem since its infancy in the 1950s.
Although developing a theoretical description of entrainment across interfaces was
a daunting proposition, we faced an equally, if not more, arduous challenge in seeking
to elucidate key features of the time-dependent density stratification established by two
turbulent plumes of unequal strengths. The plume behaviour and the evolution of the
stratification are inextricably intertwined and this intertwinement can result in the
buoyancy of a layer exceeding its steady value or in a bulk overturning of the buoyant
region, thereby causing a breakdown in stratification. Inherent complexities associated
with the time-dependent behaviour of the plumes were overcome by assuming that the
plumes are quasi-steady at each time instant. Though this approach is widely applied,
we are not aware of an experimental validation of its appropriateness and, thus, question
whether its application is a modelling expediency. Moreover, given that the problem is
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centred around the time-dependent interaction between the plume and the stratification,
there is a need to better understand this interaction. Despite plumes in stratified fluids
continuing to garner considerable attention, there is an astonishing lack of literature on
this interaction. From both fundamental and practical viewpoints, a theoretical model
which describes the time evolution of the plume and the resulting stratification would be
beneficial. Even in the light of considerable future growth of computational power, the
insights that numerical simulations can offer on this problem will remain restricted to
flows with relatively small Reynolds numbers. Therefore, these simulations will not be
able to unravel the time-dependent interaction between a plume and the stratification
for a broad expanse of source conditions and box geometries in the way that a theoretical
model could. Thus, choosing the appropriate approach for a problem is paramount.
A complete description of plume behaviour is yet to be developed. While previous
measurements reveal that time-averaged profiles of vertical velocity and buoyancy across
the cross-section of a fully-developed plume are approximately Gaussian, we neglected
the horizontal variation of these quantities and adopted top-hat profiles. Similarly, in our
analysis of entrainment across interfaces, top-hat profiles were adopted for the impinging
jet and the penetrating fountain. Why should the variation of mean vertical velocity
and mean buoyancy across the cross-section of a highly irregular turbulent flow exhibit a
well defined, approximately bell-shaped profile? This may prove to be an unanswerable
question, but what is perhaps more surprising is that despite neglecting the cross-stream
variation of dynamic quantities, the bulk behaviour of the turbulent flow and its effects
on the environment are well described by our models. This is a peculiar situation; we
have gained insight into new key physics, yet en route we relinquished accuracy for
simplicity without compromising the explanatory power of the theoretical models. Of
course, this may not always be the case – here, we have perhaps been rather fortuitous.
It would no doubt be pleasing to see the application of our entrainment models in the
atmospheric sciences, oceanography or low-energy building ventilation. In the design of
ventilated spaces, we hope that engineers and architects can benefit from our study of
the transient flows induced by buoyancy sources of unequal strengths. By following our
guidance, they may be able to avoid thermal overshoots and bulk overturning in rooms,
thereby providing comfortable conditions for occupants. As a closing comment, the
potential extensions for future study and the open questions we have posed present new
and fascinating challenges for experimental, numerical and theoretical researchers.
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